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1 Introduction 

After Mori and Mukai's classification of Fano 3-folds with Picard number p > 2 in the early 
80's, it has become a classical subject to study Fano manifolds via their contraction^^, 
using Mori theory. Indeed the Fano condition makes the situation quite special, because 
the Cone and the Contraction Theorems hold for the whole cone of effective curves. 

It has been conjectured by Hu and Keel |HK00] . and recently proved by Birkar, Cascini, 
Hacon, and McKernan [BCHM10J, that the special behaviour of Fano manifolds with re- 
spect to Mori theory is even stronger: in fact, Fano manifolds are Mori dream spaces. 

In particular, this implies that the classical point of view can be extended from regular 
contractions to rational contractions. If X is a Mori dream space, a rational contraction 
of X is a rational map /: X — > Y which factors as a finite sequence of flips, followed 



A contraction is a morphism with connected fibers onto a normal projective variety. 



by a regular contraction. Equivalently, / can be seen as a regular contraction of a small 
Q-factorial modification of X, that is, a variety related to X by a sequence of flips. 

In this paper we use properties of Mori dream spaces to study rational contractions of 
a smooth Fano 4- fold X. In particular, we are interested in bounding the Picard number 
px of X. 

We recall that px = ^(X) is a topological invariant of Fano 4-folds, whose maximal 
value is not known. By taking products of Del Pezzo surfaces one gets examples with 
p £ {2, . . . , 18}, while all known examples of Fano 4-folds which are not products have 
p< 6. 

Our main result is a bound on px when X has an elementary rational contraction of 
fiber type, or more generally, a quasi- elementary rational contraction of fiber type. Let us 
explain the terminology: as in the regular case, a rational contraction /: X -~» Y is of 
fiber type if diml" < dimX, and it is elementary if px — py = 1- 

Quasi-elementary rational contractions are a special class of rational contractions of 
fiber type, which includes the elementary ones. They share many useful properties of the 
elementary case, for instance the target is again a Mori dream space. If /: X —> Y is 
a contraction of fiber type, then / is quasi-elementary if every curve contracted by / is 
numerically equivalent to a one-cycle contained in a general fiber of /. In the case of 
rational contractions, we give some equivalent characterizations of being quasi-elementary, 
see section I2T21 for more details. 

Quasi-elementary (regular) contractions of Fano manifolds have been studied in [Cas08j; 
let us recall what is known in the 4-dimensional case. 

Theorem ( [Cas08| . Cor. 1.2). Let X be a smooth Fano 4-fold. 

If X has an elementary contraction of fiber type, then px < H, with equality only if 
X ^ P 1 x P 1 x S or X =S Fi x S, where S is a surface. 

If X has a quasi- elementary contraction of fiber type, then px < 18, with equality only if 
X is a product of surfaces. 

Here is the result in the case of a rational contraction. 
Theorem 1.1. Let X be a smooth Fano 4-fold. 

If X has an elementary rational contraction of fiber type, then px < 11- 

If X has a quasi- elementary rational contraction of fiber type, which is not regular, then 

Px < 17. 

The strategy for the proof of Th. 11.11 is similar to the one used in |Cas 08]. via the 
study of elementary contractions of the target of the rational contraction of fiber type. We 
systematically use properties of Mori dream spaces, and a key ingredient is a description 
of non-movable prime divisors in X when px > 6. More precisely, we show the following. 

Theorem 1.2. Let X be a smooth Fano 4-fold with px > 6, and D C X a non-movable 
prime divisor. Then either D is the locus of an extremal ray of type (3, 2) J! or there exists 

2 See on p. [5] for the terminology. 
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a diagram: 

X--^X 
f 
Y 

where X — » X is a sequence of at least px~4 flips, f is an elementary divisorial contraction 
with exceptional locus the transform D of D, and one of the following holds: 

• Y is smooth and Fano, f is the blow-up of a smooth curve, and D is a P 2 -bundle over a 
smooth curve; 

• Y is smooth and Fano, f is the blow-up of a point, and D = P 3 ; 

• D is isomorphic to a quadric, f{D) is a factorial and terminal singular point, and Y is 
Fano. 

We finally apply these results to Fano 4- folds X with cx = 1 or cx = 2. Let us recall 
from |Casll| that cx is an invariant of a Fano manifold X, defined as follows. For any 
prime divisor D C X, we consider the restriction map H 2 (X, K) — > H 2 (D,W), and we set: 

cx '■= max {dimker (H 2 (X,R) -> H 2 (D,M)) \ D is a prime divisor in X} € {0, . . . , px~ 1}- 

By [CaslH Th. 3.3] we have cx < 8 for any smooth Fano manifold X, and if cx > 4, then 
X is a product of a Del Pezzo surface with another Fano manifold. 

In particular, in dimension 4, we have px < 18 as soon as cx > 4. Moreover when 
cx = 3 we know after [Casll] that px < 8 (see Th. 13.11]) . Therefore in order to study Fano 
4-folds with large Picard number, we can reduce to the case cx < 2; this is used throughout 
the paper. In the last section we show the following. 

Theorem 1.3. Let X be a smooth Fano 4-fold with cx € {1 5 2}. Then either px < 12, or 
X is the blow-up of another Fano 4-fold along a smooth surface. 

Outline of the paper. Section [2] concerns Mori dream spaces. In section 12.11 we recall 
from [HK00J the main geometrical properties of Mori dream spaces; then in section 12.21 we 
define quasi-elementary rational contractions and explain some of their properties. 

In section [3] we move to Fano 4-folds. We first give in section 13.11 some elementary 
properties of small Q-factorial modifications and rational contractions of Fano 4-folds. Then 
in section 13.21 we recall some results needed from [Casll] , and study the implications on 
prime divisors in a small Q-factorial modification of a Fano 4-fold. Finally in section 13.31 
we show Th. 11.21 on non-movable prime divisors. 

In section d] we show Th. 11.11 We study first the case where the target is a surface in 
section 14.11 and then the case where the target has dimension 3 in section 14.21 (the case 
where the target is a curve is easier and is treated in section 13. 1 j) . 

Finally in section [5] we show Th. 11.31 
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Notation and terminology 

We work over the field of complex numbers. 
A manifold is a smooth algebraic variety. 
A divisor is a Weil divisor. 

If /: A — - > Y is a rational map, dom(/) is the largest open subset of A where / is regular. 
Let X be a normal projective variety. 

A contraction of X is a morphism with connected fibers / : A — Y onto a normal projective 
variety. We will sometimes consider the case where X and Y are quasi-projective and / is 
a projective morphism; in this case we call / a local contraction. 

A/" 1 (A) (respectively N\(X)) is the R- vector space of Cartier divisors (respectively one- 
cycles) with real coefficients, modulo numerical equivalence. 
Nef(A) C M 1 (X) is the cone of nef classes. 

Eff(A) C N 1 (X) is the convex cone generated by classes of effective divisors, and Eff(A) 
is its closure. 

Let X be a normal and Q-factorial projective variety. 
The anticanonical degree of a curve C C X is — Kx • C. 

For any closed subset Z of X, Mi{Z,X) := u(Ni(Z)) C Mi(X), where i: Z ^ X is the 
inclusion. 

[D] is the numerical equivalence class in A/" 1 (X) of a divisor D in X, and similarly [C] <G 

Afi(X) for a curve C C X. 

= stands for numerical equivalence. 

For any subset H C A/i(A), H L := {7 € M 1 (X) | h ■ 7 = for every h <G H}, and similarly 
if H C A^(A). For any divisor D in X, D ± := [ J D] ± C Mi{X). 

A divisor D in X is movable if its stable base locus has codimension at least 2. Mov(X) C 
J\f 1 (X) is the convex cone generated by classes of movable divisors. 

NE(A) C M\(X) is the convex cone generated by classes of effective curves, and NE(X) is 
its closure. 

ME(X) C Afi(X) is the cone dual to Eff (X) C A/" 1 (A). 

Let /: X — > Y be a contraction. The exceptional locus Exc(/) is the set of points of 
X where / is not an isomorphism. If D is a divisor in A, we say that / is D -positive 
(respectively D -negative) if D ■ C > (respectively D ■ C < 0) for every curve C C X such 
that /(C) = {pt}. When D = Kx, we just say K -positive (or K-negative). 

We consider the push-forward of one-cycles /*: M\{X) — > J\fi(Y), and set NE(/) := 
NE(A) n ker /*. We also say that / is the contraction of NE(/). 

The contraction / is elementary if px — Py = 1- In this case we say that / is of type 
(a,b) if dimExc(/) = a and dim/(Exc(/)) = b. 

We will use greek letters a, r, 77, etc. to denote convex polyhedral cones and their faces 
in Mi(X) or M l (A). 
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If a C Mi(X) is a convex polyhedral cone and <t v C Af 1 (X) its dual cone, there is a 
natural bijection between the faces of a and those of cr v , given by r H- r* := <r v n t 1 - for 
every face r of a. 

An extremal ray of X is a one-dimensional face of NE(X). 

Consider an elementary contraction /: X — > Y and the extremal ray a := NE(/). We 
say that a is birational, divisorial, small, or of type (a, 6), if / is. We set Locus(cr) := Exc(/), 
namely Locus (cr) is the union of the curves whose class belongs to a. If D is a divisor in X, 
we say that D ■ a > if D ■ C > for a curve C with [C] E a, equivalently if / is D-positive; 
similarly for D ■ a = and D ■ a < 0. 

Suppose that / : X — > Y is a small elementary contraction, and let D be a divisor in X 
such that / is D-negative. The flip of f is a birational map 5: X — » X which fits into a 
commutative diagram: 




where X is a normal and Q-factorial projective variety, g is an isomorphism in codimension 
one, and / is a D-positive, small elementary contraction (D the transform of D in X). If 
the flip exists, it is unique and does not depend on D, see [KM981 Cor. 6.4 and Def. 6.5]. 
We also say that g is the flip of the small extremal ray NE(/), and that g is a D -negative 
flip. Similarly, if B is a divisor on X such that / is -B-positive, we say that g is a i?-positive 
flip. Finally, when D = Kx, we just say /T-positive or K-negative. 

Suppose that X is a projective 4-fold and that / : X — > Y is an elementary contraction. 
We say that / is of type (3, 2) sm if it is birational and every fiber has dimension at most 1, 
equivalently if Y is smooth and / is the blow-up of a smooth surface (see Th. 13 . X [> . 



2 Mori dream spaces 
2.1 A brief survey 

In this section we recall from [HK00] the definition and the main geometrical properties of 
Mori dream spaces. It is meant as a quick introduction, and contains no new results; we 
provide proofs of some elementary properties for which we could not find an easy reference. 

Definition 2.1. Let X be a normal and Q-factorial projective variety. A small Q-factorial 
modification (SQM) of X is a normal and Q-factorial projective variety X, together with 
a birational map /: X — > X which is an isomorphism in codimension 1. 

Flips are examples of SQMs. 

Definition 2.2 ([HK00J, Def. 1.10). Let X be a normal and Q-factorial projective variety, 
with finitely generated Picard group. We say that X is a Mori dream space if there are 
a finite number of SQMs : X — •> Xj such that: 
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(i) for every j, Nef(Xj) is a polyhedral cone, generated by the classes of finitely many 
semiample divisors; 

(it) Mov(X) = U i /;(Nef(X i )). 

Notice that if X is a normal and Q- factorial projective variety having a SQM X which 
is a Mori dream space, then X itself is a Mori dream space. 

Let X be a Mori dream space. We consider the following cones in N l (X): 

Nef(X) C Mov(X) C Eff(X). 

All three are closed and polyhedral (see [HKOO, Prop. 1.11(2)]), and have dimension^] px- 
By condition (it), one of the SQMs fj must be the identity of X, and by (i) Nef(X) is 
generated by the classes of finitely many semiample divisors. In particular this implies that 
the association 

(f:X^Y) ,— ► f (Nef(y)) 

yields a bijection between the set of contractions of X and the set of faces of Nef(X). 

Definition 2.3. Let X be a Mori dream space. A rational contraction of X is a rational 
map /: X — » Y which factors as X — » X — > Y, where X — » X is a SQM, and X — > Y a 
(regular) contraction. 

(In [HKOO | the terminology "contracting rational map" is also used.) Let us notice that 
the definition [HKOO, Def. 1.1] is more general, because X is just assumed to be a normal 
projective variety; when X is a Mori dream space, the two notions coincide, by [HKOO, 
Prop. 1.11]. 

Every SQM of X factors as a finite sequence of flips (sec [HKOO, Prop. 1.11]), therefore 
a rational contraction can equivalently be described as a rational map which factors as a 
finite sequence of flips followed by a contraction. 

Remark 2.4. Let X be a Mori dream space, Y a normal projective variety, and / : X — » Y 
a dominant rational map with connected fibers@ If there exist open subsets U C X and 
V C Y such that codim(Y \ V) > 2 and fu : U — > V is a regular contraction, then / is a 
rational contraction. When / is birational, also the converse holds. 
Indeed consider a resolution of /: 

X 

X L--*y 

where X is normal and projective, and g is birational and an isomorphism over dom(/). 
Then Y \ V 2 /(Exc(p)), so that codim /(Exc(<?)) > 2. Hence if D is an effective, g- 
exceptional Cartier divisor in X, then (f) if Oj^(D) = Oy (i.e. D is /-fixed, in the terminol- 
ogy of [HKOO]). Thus / is a rational contraction by [HKOO, Def. 1.1 and Prop. 1.11]. 

3 The dimension of a cone in R m is the dimension of its linear span. 

4 Namely, a resolution of / has connected fibers; this does not depend on the resolution, see HKOO, 
Def. 1.0]. 
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If /: X —■* Y is a rational contraction, there is a well-defined injective linear map 
/*: M 1 (Y) -> M 1 (X), such that /*(Nef(Y")) C Mov(X). The bijection between the con- 
tractions of X and the faces of Nef (X) generalizes to rational contractions in the following 
way. Define 

Mx ■= {/* (Nef(F)) | /: X — Y is a rational contraction of X} . 
Then we have the following. 

Proposition 2.5 ( [MKOOJ . Prop. 1.1(3)). The set M x is a faiE in N l {X). The union 
of the cones in Mx is Mov(X), and every face of Mov(X) is a union of cones in Mx- 
Moreover, the association 

(f:X-+Y) — > /*(Nef(Y)) 
gives a bijection between the set of rational contractions of X and Mx ■ 
Here are some properties of this bijection: 

• if a € Mx and /: X — - ► Y is the corresponding contraction, then dim a = py\ 

• / is regular if and only if a C Nef(X); in particular Nef(X) € Mx corresponds to the 
identity of X; 

• / is of fiber type (i.e. dimY < dimX) if and only if a is contained in the boundary of 
Eff(X); 

• / is a SQM if and only if dim ex = px', 

• given two cones o~\, 02 £ Mx with corresponding rational contractions fi : X —■* Y{, then 
a\ C cr 2 if and only if there is a regular contraction g : Y<i — > Y\ such that the following 
diagram commutes: 

X 

fi / \ h 
Yi ■* 9 - Y 2 

In particular, given f\ : X — » Y%, the factorizations X — > X — > Y\ of f\ with X —-> X 
a SQM correspond to px-dimensional cones in Mx containing a\. 

Example 2.6 (Elementary rational contractions). Let /: X — > Y be a rational contrac- 
tion. We say that / is elementary if px — py = 1, equivalently if dim a = px — 1, where 
a € Mx is the cone corresponding to /. As in the regular case, we have three possibilities: 

(i) if a is in the interior of Mov(X), then / is an elementary small contraction of a SQM 
of X: 



We recall that a fan E in R™ is a finite set of convex polyhedral cones in R m , with the following 
properties: 1) for every cr 6 S, every face of a is in E; 2) for every a, t g E, a fl r is a face of both cr and r. 
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(ii) if a lies on the boundary of Mov(X) but in the interior of Eff(X), then / is an 
elementary divisorial contraction of a SQM of X; 

(Hi) if a lies on the boundary of Eff(X), then / is an elementary fiber type contraction of 
a SQM of X. 

As in the regular case, we will say that / is small in case (i), divisorial in case (ii). 

Example 2.7 (Flips). Let /: X — > Y be a small elementary contraction, and consider 
u := /*(Nef (Y)) € Mx- The cone a is a facet of Nef (X) and lies in the interior of Mov(X), 
therefore there exists a unique /^-dimensional cone r € Mx such that a = Nef(X) n r. 
Let g: X — * X be the SQM corresponding to r; then g is the flip of /. 

Remark 2.8. Let X be a Mori dream space and /: X — » Y a rational contraction. 
Suppose that Y is Q-factorial. Then Y is a Mori dream space, and for every rational 
contraction g: Y — - » Z, the composition g o f : X — > Z is again a rational contraction. 

Proof. The statement is clear from the definitions if / is a SQM. In general, we factor / as 

X -~» X — >■ Y, where X is a SQM of X, and / is a regular contraction. Since X is a Mori 
dream space, and g o f : X — > Z is a rational contraction if and only if g o /: X — » Z is, 
we can assume that / is regular. 

Now /* : Pic(y) —> Pic(X) is injective, hence Y has finitely generated Picard group. 
Then we can define the Cox rings Cox(Y) and Cox(X) of Y and X, see [HKOO, Def. 2.6]. 
By [HKOO I Prop. 2.9] Y is a Mori dream space if and only if Cox(Y) is a finitely generated 
C-algebra, and for the same reason Cox(X) is a finitely generated C-algebra. 

We have /*(Eff(Y)) = Eff(X) n/*(A/' 1 (T)), so that /*(Eff(Y)) is closed and is a convex 
polyhedral cone. Moreover, via /*, we can see Cox(Y) as a subalgebra of Cox(X), graded 
by the subsemigroup of integral points of /*(Eff(Y)). This kind of subalgebra is called a 
Veronese subalgebra; since Cox(X) is finitely generated, the same holds for Cox(Y), see 
|ADHL10l Prop. 1.2.2]. Thus Y is a Mori dream space. 

Let us show that g a / is a rational contraction. We factor g as Y Y Z, where 
h is a SQM and g a regular contraction, and first consider h o /: X — » Y. We have 
codim(y \ dom(/i -1 )) > 2, and (h o /)/-i(dom(/i)) : / _1 (dom(/i)) — > dom(/i _1 ) is a regular 
contraction, so h o / is a rational contraction by Rem. 12.41 

It is clear from Def. 12.31 that the composition of a rational contraction with a regular 
contraction is again a rational contraction; since g o f = g o (h o /), we are done. ■ 

Remark 2.9. If X is a Mori dream space and / : X — > Y is a contraction, then (ker /*)^ = 
/*(AA 1 (Y)). In other words, for any divisor D in X, one has D -1 - D ker/* if and only if 
[D] G /*(7V 1 (V)). Indeed it is easy to see that (ker/*) 1 - D /*(jV 1 (y)), and since both 
subspaces have dimension />y, they must coincide. 

2.10. Mori programs. Let X be a Mori dream space, and D a divisor in X. A Mori 
program for D is a sequence of varieties and birational maps 

(2.11) X = X Xi— » + AVx X fc 

such that: 
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(2.12) every Xj is a normal and Q-factorial projective variety; 

(2.13) for every i = 0, . . . , k — 1 there is a birational, ^-negative extremal ray o~i of NE(Aj), 
such that fi is either the contraction of <Ji (if divisorial), or its flip (if small). The 
divisor -Dj+i is defined as {fi)*{Di) if fi is a divisorial contraction, as the transform 
of Di if fi is a flip; 

(2.14) either is semiample, or there exists a D^-negative elementary contraction of fiber 
type f k : X k ->■ y. 

An important property of Mori dream spaces is that one can run a Mori program for any 
divisor D, see [HK00, Prop. 1.1(1)]; moreover, the choice of the extremal rays <7j is arbitrary 
among those having negative intersection with Di. 

Remark 2.15. A Mori program for D ends with a fiber type contraction if and only if 
[D]?EE(X). 

2.16. Cones of curves. In M\(X) we have dual cones: 

ME(X) := Eff(X) v C Nef(X) v = NE(X). 

Recall that by |BDPP04j . for any projective variety X, the dual ME(X) of the cone Eff(X) 
is the closure of the convex cone generated by classes of irreducible curves belonging to a 
covering family of curves. 

When X is a Mori dream space, the cone ME(X) is polyhedral, because Eff(X) is. 
Using the same techniques as in [Ara lOj (in a much simpler situation), one can see that 
every one-dimensional face of ME(X) contains the class of a curve moving in a covering 
family. The proof of the following Lemma is adapted from [Aral 01 Lemma 5.1 and Th. 5.2]; 
we write it explicitly for the reader's convenience. 

Lemma 2.17. Let X be a Mori dream space and a a one- dimensional face o/ME(X). 
Then there exists a Mori program on X ending with a fiber type contraction: 

x — > x' My 

such that if C C X is the transform of a general curve in a general fiber of f , then [C] £ a. 

Proof. Let B be an effective divisor such that 5 1 nME(X) = a, let H be an ample divisor, 
and set D := B — H. Since [B] lies on the boundary of Eff(X) and [H] in its interior, 
we have [D] €" Eff (X). By Rem. 12.151 every Mori program for D ends with a fiber type 
contraction. 

We run a Mori program for D with scaling of H, see [BCHM10, § 3.10] and [AralOj 
§ 3.8]. Concretely, this means a sequence as (|2.1ip . where at each step the extremal ray o~i 
is chosen in a prescribed way. At the first step, we choose a facet of Nef (X) met by moving 
from [D] to [H] along the segment s joining them in Af 1 (X). This facet corresponds to a 
-D-negative extremal ray of NE(X); this will be gq. This process can be repeated at each 
step, using Hi in X it where Hi := o • • • o f )*(H). 



9 



The segment s meets the boundary of Eff(X) at the point [B}/2 = ([D] + [H})/2. The 
key remark, made in [AralOt Lemma 5.1], is that for every i G {1, . . . , k} the segment from 
[Di] to [Hi] in M 1 (X i ) meets the boundary of Effpf;) at the point ([A] + [ADA Indeed, 
suppose that this is true for and consider : Xj_i — •» X, L . The statement is clear 

if fi-i is a flip, thus let's assume that it is a divisorial contraction. 

We know that (1 - t)[A-l] + *[A-l] € Eff(X<_i) for t G [1/2, 1], and (1 - i)[A-l] + 
i[A-i] ^Eff(Xi_i) forte [0,1/2). Moreover (l-t)A+iA = (/i-i)*((l-*)A-i+*A-i), 
so that again (1 - t)[A] + t[Hi] G Eff(JQ) if i G [1/2, 1]. 

We have A-l ■ NE(/j_i) < 0; moreover, by the choice of NE(/,_i), there exists to G 
[1/2, 1] such that ((1 - i )A-l + *oA-i) ■ NE(/;_i) = 0. Hence 

((1 - t)A-l + * A-l) • NE(/i_a) < for every f < -. 

Therefore if (1 — t)[A] + t[Hi] Eff(Xj) for some t G [0, 1/2), we can proceed as in the 
proof of Rem. 12.151 and get a contradiction. 

In the end we get an elementary contraction of fiber type f k ■ X k — > Y such that 
((1 - t k )D k + t k H k ) ■ NE(/ fc ) = for some t k G (0, 1]. Then (1 - t k )[D k ] + t k [H k ] lies on 
the boundary of Eff(Xfe), and by what we proved above, t k = 1/2. This means that if 
C C X is the transform of a general curve in a general fiber of f k , then B ■ C = 0, therefore 
[C] G a. m 

2.18. Non- movable prime divisors. We conclude this section by showing that non- 
movable prime divisors in X are exactly the divisors which become exceptional on some 
SQM of X. Notice that if D is a divisor in X, then D is movable (i.e. the stable locus of 
D has codimension at least 2) if and only if [D] G Mov(X). 

Remark 2.19. Let X be a Mori dream space, and D C X a prime divisor. The following 
conditions are equivalent: 

(i) D is not movable; 

(ii) there exists a SQM X — » X such that the transform D C X of D is the exceptional 
divisor of an elementary divisorial contraction X — > Y. 

Moreover, the association D h- > R>q[Z?] gives a bijection between: 

• the set of non- movable prime divisors in X, and 

• the set of one-dimensional faces of Eff(X) not contained in Mov(X). 

Let us point out that after the proof, X — » X — y Y (notation as in (ii)) is a Mori 
program for D (ending with zero), so that X — - * X factors as a sequence of D-negative 
flips. In fact, every Mori program for D takes this form. 

Proof. Suppose that D is not movable, and consider a Mori program for D. Since D is 
effective, by Rem. 12.151 the program must end with D becoming nef. On the other hand, 
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there is no SQM of X where D is nef, because D is not movable. Therefore in the Mori 
program some divisorial contraction must occur. Let f:X — > 7 be the first divisorial 
contraction: then the previous steps are flips, hence X —-> X is a SQM (possibly X = X). 
Moreover since D ■ NE(/) < and D is a prime divisor, we have D = Exc(/). Since 
f*(D) = 0, the divisorial contraction /: X — > Y is the last step of the Mori program. 

Conversely, if (ii) holds, then D is not movable, hence neither is D. 

Finally, suppose that (i) and (ii) hold, and let Di,J^ C I be prime divisors such 
that a\Di + aiD<i = D, a£ G M>o- Since D ■ NE(/) < 0, there exists i G {1,2} such that 
Di • NE(/) < 0, hence A = D. This implies that D 1 = D 2 = D, therefore R> [D] is a 
one-dimensional face of Eff(X). Similarly, one shows that D is the unique prime divisor 
whose class belongs to this face. ■ 

We will also need the following. 

Remark 2.20. Let X be a Mori dream space, g: X Z a contraction, and D C X 
a non-movable prime divisor such that g(D) = {pt}. Then there exists a commutative 
diagram: 

X--^X 
f 

Z+^Y 

where X --■ > X is a SQM which factors as a sequence of £>-negative flips, / is an elementary 
divisorial contraction with exceptional divisor (the transform of) D, and h is a contraction. 

Proof. By Rem. HZTnil there are a birational map X — - ► X which factors as a sequence of D- 
negative flips, and an elementary divisorial contraction / : X — >■ Y with exceptional divisor 
the transform of D. If a is a D-negative extremal ray of NE(X), then Locus(<r) C D, so 
that g(Locus(cr)) = {pt} and a C NE(g). Iterating this reasoning, we see that the rational 
map h: Y — > Z is indeed regular. ■ 



2.2 Quasi-elementary rational contractions 

In this section we introduce a special class of rational contractions of fiber type of Mori 
dream spaces, called quasi-elementary contractions, which share many good properties of 
elementary rational contractions of fiber type. The notion of quasi-elementary contraction 
was first introduced in [Cas08] . but in a different context: there the objects were regular, 
.fT-negative contractions of a smooth projective variety. Here, since we are considering Mori 
dream spaces, we do not need to assume X-negativity. 

Let X be a Mori dream space and / : X — > Y a contraction. Recall that 

NE(/) :=ker/*nNE(X) 

is a face of NE(X), corresponding to the face f*(Nef(Y)) of Nef(X). In the same way we 
can associate to / a face of ME(X), setting 

ME(/) := ker n ME(X) = NE(/) n ME(X). 
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Notice that ME(/) is non-zero if and only if / is of fiber type. 

Lemma 2.21. In the notation above, let F C X be a general fiber of f , and i: F ^ X the 
inclusion. Then 

ME(/) = i*(ME(F)), 

the linear span o/ME(/) isM\(F,X), and dimME(/) = dimA/i(F, X). Moreover ME(/)* = 
ES(X) DNi^X) 1 - is the smallest face of Eft (X) containing /*(Eff(F)). 

Proof. We clearly have i*(ME(F)) C ker Let D\, . . . , D r C X be prime divisors whose 
classes generate Eff(X). Then for every j G {l,...,r} Dj does not contain F, and if 
7 G ME(F) we have 

^( 7 ). J D i = 7 -(L> i )|F>0, 

sothatz*(7) G Eff(X) v = ME(X). This shows that i» (ME (F)) C ker/,nME(X) = ME(/). 

Conversely, let a be a one-dimensional face of ME(/). By Rem. there is a covering 
family of curves {Ct} in X whose numerical class belongs to a. On the other hand, since 
a C ker/*, all these curves are contracted to a point by /. This means that a subfamily 
{Of} gives a covering family of curves in F, hence [Cf] € ME(i ? ) and <r C i*(ME(F)). 
Therefore ME(/) = i.(ME(F)). 

Now since ME(F) generates Afi(F), we get that Afi(F,X) = i*(7Vi(F)) is the linear 
span of ME(/) in Mi(X), and dimME(/) = dimMi(F,X). 

For the last statement, let r be a face of ME(X) and the corresponding face of 
Eff(X). By the definition of r*, if H C J\f\(X) is a linear subspace, then r C H if and only 
if r* D Eff(X) n H ± . Now take if = ker /„. Since F" 1 = f*(M 1 (Y)) (see Rem. ESJ, we 
get: 

r c me(/) t* d Eff(x) n /*(AT 1 (y)) = /*(Eff (y)). 

■ 

Proposition 2.22. Let X be a Mori dream space, f: X — ■ » 1" a rational contraction, and 

cr G Alx wie corresponding cone. Let X — » X Y k a factorization of f as a SQM 
followed by a contraction, and let F C X be a general fiber of f. 
The following properties are equivalent: 

(i) A/i(F,!)=ker/*; 

(m) dimA/l(F,X) = p x - Py! 

(Hi) dimME(/) = p x - PV, 

(iv) a is contained in a face o/Eff(X) of the same dimension as a (that is, py); 

(v) /*(Eff(y)) is a face ofEft(X). 

Definition 2.23. We say that / is quasi- elementary if the equivalent conditions above are 
satisfied and / is non-trivial (i.e. f is not an isomorphism nor constant). In particular, / 
must be of fiber type. 
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Notice that / is quasi-elementary if and only if / is (notation as in Prop. I2.22p . 

Proof of Prop, \2.22[ Up to replacing X by X, we can assume that /: X — > Y is regular. 

(i) =r- (Hi) This follows from Lemma l2.2U 

(Hi) =4> (v) Since dimME(/) = dimker ker/* is the linear span of ME(/). Therefore 
ME(/)* = Eff(X) n (ker/*) 1 " = Eff(X) n /* (A^Y)) = /* (Eff(Y)). 

(u) (iv) This is because <r = /*(Nef(Y)) C /*(Eff(Y)). 

(iv) (ii) Let n be the face of Eff(X) containing a and such that dim?] = dimcr = py. 
Then the linear span of r\ is the same as that of a, namely f*(M 1 (Y)). This gives 

77* = ME(X) n (/*(A/' 1 (y))) ± = ME(X) n ker /* = ME(/), 

and by Lemma 12.211 we get dim J\f±(F, X) = dim 77* = px — Py- 

(ii) => (i) This follows from Mi(F,X) C ker and dim ker/* = px — Py ■ B 

Remark 2.24. Let X be a Mori dream space and /: X —■* Y a rational contraction of 
fiber type with diml" > 0. 

• If / is elementary, then it is also quasi-elementary. 

• If dim Y = dimX — 1, then / is elementary if and only if it is quasi-elementary. 

• If / is quasi-elementary and regular, and F C X is a general fiber, then px — Py < Pf- 

If X is a Mori dream space, then X has a (non-trivial) rational contraction of fiber 
type if and only if the boundaries of Mov(X) and Eff(X) meet outside zero. For the 
quasi-elementary case we have the following criterion. 

Corollary 2.25. Let X be a Mori dream space and r € {1, . . . , px — 1}- Then X has a 
quasi- elementary rational contraction f : X — » Y with py = r if and only if there exists 
an r- dimensional face o/Mov(X) contained in an r- dimensional face of ~ER(X). 

Proof. Let /: X — > Y be a quasi-elementary rational contraction with py = r, and let 
a € Mx be the corresponding cone. Then dimcr = r, and by Prop, l2T2"2"1 fi?j). a is contained 
in a face r of Eff (X) with dimr = r. There exists a face 77 of M.ov(X) with a C 77 C r, and 
we get dimr; = r. 

Conversely, let r\ be a face of Mov(X) contained in a face r of Eff(X) with dimr/ = 
dimr = r. Since r/ is a union of cones in Mx, we can choose a G A^x such that cr C r/ and 
dim <7 = r. Then the rational contraction corresponding to a is quasi-elementary again by 
Prop. 12.221 (iv), and the target has Picard number r. ■ 

Remark 2.26. Let X be a Mori dream space and /: X — » Y a quasi-elementary rational 
contraction. Then Y is a Mori dream space, and if g: Y —+ Z is a quasi-elementary rational 
contraction, then 5 o /: X — » Z is again quasi-elementary. 
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Proof. We first show that Y is Q-factorial. Up to replacing X with a SQM, we can assume 
that / is regular. Let D C Y be a prime divisor in Y, and let D' C X be a prime divisor 
such that /(£>') C D. 

If F C X is a general fiber of /, then FnD' = 0, so that for every curve C C i 7 we have 
D'-C = 0. This gives (Z)') 1 - 5 A/i(F, X); on the other hand M\(F, X) = ker /* because / is 
quasi-elementary, so that [D'\ € (ker/*)- 1 = f*(J\f l (Y)) (see Rem, [279]) . Hence there exist 
a Cartier divisor B in Y and an integer m £ N such that mD' = f*(B). This shows that 
i? is effective and has support contained in f(D') C D, therefore B = rD for some rSN. 
Thus D is Q-Cartier, and Y is Q-factorial. 

Now applying Rem. 12.81 we see that Y is a Mori dream space and g o /: X — > Z is 
a rational contraction. Since both / and g are quasi-elementary, Prop. 12.221 (v) says that 
f*(ES(Y)) is a face of Eff(X), and g*(ES(Z)) is a face of Eff(Y). Then (# o /)*(Eff (Z)) is 
a face of Eff(Jf), thus g o f is quasi-elementary again by Prop. 12.221 (v). ■ 

3 Non-movable prime divisors in a Fano 4-fold 

3.1 Fano 4- folds as Mori dream spaces 

Let us recollect some well-known results which will be used in the sequel. We recall that 
by a 4-fold we always mean a smooth 4-dimensional algebraic variety. 

Theorem 3.1 (see [AW97], Th. 4.1 and references therein). Let X be a quasi-projective 
A-fold and f : X — >• Y a local contraction such that —Kx is f -ample. Assume that every 
fiber of f has dimension at most 1. Then Y is smooth and f is either the blow-up of a 
smooth surface in Y , or a conic bundle. 

Theorem 3.2. Let X be a projective variety with canonical singularities and Kx Cartier, 
f : X — > Y a K -negative contraction with dimX — dimY < 1, and F C X an isolated 
2- dimensional fiber of f . 

Let T be a 2-dimensional irreducible component of F rec i- Then the possibilities for 
(T, —Kx\t) are the following: 

(i) (P 2 ,O p2 (e)) with e = 1,2; 

(ti) (S r ,0 Sr (l)) with r > 2; 

(Hi) (F r , Co + mB) with r > 0, m > r + 1. 

Here S r is the cone over a rational normal curve of degree r, B C F r is a fiber of the 
^-bundle, and Co C F r is a section of the ^ l -bundle with Cq = — r. 

If moreover X is smooth, then every irreducible component of F has dimension 2. 

Proof If / is birational, this is [AW971 Th. 1.19 and Prop. 4.3.1]. When / is of fiber type, 
by |Mel991 Th. 2.6] there exists a non-empty open neighbourhood Yq of f(F) such that 
-K x is /-spanned on / _1 ( y o)- Then |AW971 Th. 1.19 and Prop. 4.3.1] still apply. ■ 
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Let X be a projective 4-fold. An exceptional plane in X is a closed subset L C X 
such that L = P 2 and W L/X = C P 2(-1)® 2 . Notice that if C L C L is a line, we have 
-K x • C L = 1. An exceptional line in X is a curve I = P 1 with My x = Opi(-l)® 3 ; 
notice that Kx •1 = 1- 

Theorem 3.3 ([Kaw89]). Let X be a projective 4-fold and f : X --■» X a K -negative flip. 
Then X is smooth, X \ dom(/) is the disjoint union of r > 1 exceptional planes, and 
X \ dom(/ _1 ) is the disjoint union of r exceptional lines. 

Moreover f factors as h o g^ 1 , where g: X — > X is the blow-up of X \ dom(/), and 
h: X — > X is the blow-up of X \ dom(/ ). 

Remark 3.4. Let /: X --- > X be as in Th. \'6.'6\ Ccl \ dom(/) a line in an exceptional 
plane, and I C X \ dom(/~ 1 ) an exceptional line. Let Z) be a divisor in X and -D its 
transform in X. Then D ■ C = —D l. This follows easily from the factorization of / as 
h o g -1 , by comparing g*(D) and h*(D) in X. 

In this paper, our interest in Mori dream spaces is motivated by the following result. 

Theorem 3.5 ( [BCHMlOj . Cor. 1.3.2). Let X be a Fano manifold. Then X is a Mori 
dream space. 

We are now going to explain some elementary properties of SQMs and of rational contrac- 
tions of Fano 4- folds. 

Remark 3.6. Let X be a Fano 4-fold and /: X — » X a SQM. Then X is smooth, 
X \ dom(/) is the disjoint union of r exceptional planes, and X \ dom(/ _1 ) is the disjoint 
union of r exceptional lines. 

Moreover if C C X is an irreducible curve such that C n dom(/" 1 ) ^ 0, and C x Cl 
is its transform, we have 

-K^ ■ C > -K x - C x + s>l + s>l, 
where s is the number of points of C which belong to an exceptional line. In particular: 

(1) if — K^ ■ C = 1, then C does not intersect any exceptional line; in general we have: 

s < -K x -C-1; 

(2) for every irreducible curve C C X, either — K^ ■ C > (if C fl dom(/ _1 ) ^ 0), or C is 
an exceptional line (if C n dom(/ _1 ) = 0); 

(3) if L C X is an exceptional plane and / C X is an exceptional line, then L Pi I = 0. 

Proof. The statement is trivial if / is an isomorphism. Otherwise, let -D be an ample divisor 
in X, and D := f*(D). Then D is a movable divisor in X, and any Mori program for D 
yields a factorization of / as a sequence of flips. Applying [CaslH Prop. 2.4], we can factor 
/ as a sequence of m > 1 iT-negative flips. In this way we get a factorization: 

X -C X' H X, 
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where /' is the composition of the first m — 1 flips, and f m is the last one. By induction, 
we can assume that the statement holds for /': X — » X '. 

Since X' is smooth and f m is a i^-negative flip, we can apply Th. 13.31 in particular, 
X is smooth. Moreover X' \ dom(/ m ) is the disjoint union of t exceptional planes, and 
X \ dom(/~ 1 ) is the disjoint union of t exceptional lines. By the induction hypothesis, an 
exceptional plane and an exceptional line in X' cannot meet, therefore the indeterminacy 
locus of f m is disjoint from the indeterminacy locus of (/') ■ 

We have a factorization 



X 




where X is smooth, g is the blow-up of X'\dom(/ m ), and h is the blow-up of X\dom(/ m 1 ). 
If Ei, ... ,Et C X are the exceptional divisors, we have 

i 

h*{-K 5t ) = 9*(-K x ,) + Y,Ei. 

8=1 

Consider now an irreducible curve C C X such that Cndom(/ _1 ) ^ 0, and let Cx C X, 
C C X' , and C C X be its transforms. Suppose that C has s' points belonging to 
an exceptional line. Then —Kx 1 ■ C > —Kx ■ Cx + s' by induction, and C meets the 
indeterminacy locus of J" 1 in s — s' points, so we get 

t 

-K x ■ C = -K x > C + Y, E i-C > -K x -Cx + s' + is- s'), 

i=i 

which gives the statement. ■ 

Remark 3.7. Let X be a Fano 4-fold and /: X — » Y a rational contraction. Then there 
exists a factorization of / as 

X--*-X 

\ 

\ ~ 
t \ / 

Y 

where X — » X is a SQM, X is smooth, and / is a X-negative contraction; in particular, 
Y has rational singularities. 

Proof. Consider a factorization f = g\°h\ where h\ : X — » Xi is a SQM and g\ : X\ — > Y 
a contraction. If g\ is not iC-negative, there exists an extremal ray a of NE(Xi) such that 
Kxi ■ o~ > and a C NE(gi). By Rem. 13.61 (2), Locus(cr) is the union of finitely many 
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exceptional lines; let /12 be the composition of hi with the flip of a, and 52 : = / (^2) 




Then g<i is a morphism and / = 52 ^-2- Moreover the number of connected components of 
X \ dom(/i2) is strictly smaller than the number of connected components of X \ dom(/ii). 
Proceeding in this way, after finitely many steps we get a factorization / = g m o h m where 
g m is fC-negative. Finally, Y has rational singularities by jKol86[ Cor. 7.4]. ■ 

Corollary 3.8. Let X be a Fano 4-fold and f: X — > Y a quasi- elementary rational 
contraction. Then Y is a Mori dream space and moreover: 

• Y is smooth if dimY = 2; 

• Y has at most isolated canonical and factorial singularities if dimY = 3. 

Proof. The target Y is a Mori dream space by Rem. 12.261 After Rem. 13.71 we can factor 

/ as I I 4 Y, where X is a smooth 4-fold, and / is a iT-negative quasi-elementary 
contraction. Then the statement follows from |Cas081 Lemma 3.10]. ■ 

Corollary 3.9. Let X be a Fano 4-fold and f: X — » Y a quasi- elementary rational 
contraction. Assume that f is not regular. 

If dimY = 1, then p x < 10. If dimY = 2, then p x < Py + 8. 

Proof. By Rem. 13.71 we can factor / as X — *~ X 

\ 

1 \ 
Y 

where X — > X is a SQM, X is smooth, and / is a X-negative quasi-elementary contraction. 
The general fiber F of / is a smooth Fano variety, and px = P x < Py + Pf (see Rem. l2~T24"j) . 

Since / is not a morphism, X contains some exceptional line I, which cannot intersect 
curves of anticanonical degree 1 by Rem. 13.61 (1). 

We show that F cannot be covered by curves of anticanonical degree 1. Indeed if it were, 
since F is a general fiber of /, we could find a (proper and irreducible) family of curves in 
X, covering X, whose general member is an irreducible curve, of anticanonical degree 1, 
and contracted by /. As — is /-ample, we deduce that every curve of the family has 
anticanonical degree 1 and is contracted by /. On the other hand the exceptional line I is 
not contracted by /, hence I cannot be contained in a member of the family. Thus I must 
intersect some curve of the family, and we get a contradiction. 

If dimY = 2, then F is a Del Pezzo surface, thus pp < 9. Moreover if pp = 9, 
then F is covered by the pencil | — Kp\ which contains curves of anticanonical degree 1, a 
contradiction. Therefore pp < 8 and px < Py + 8. 
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If Y is a curve, then F is a Fano 3-fold, so that pp < 10. Again, if = 10, then 
F = P 1 x S where S is a Del Pezzo surface with = 9 (see |IP991 p. 141]), and F is covered 
by curves of anticanonical degree 1; therefore p_p < 9 and we get the statement. ■ 

Remark 3.10. Let X be a Fano 4-fold, /: X —■* Y a quasi-elementary rational contrac- 

tion, and X —■* X — > Y a factorization of / as in Rem. 13.71 If D C Y is a non-movable 
prime divisor, then (f)*(D) is a non-movable prime divisor in X. 

Proof. Let D' C X be a prime divisor contained in the support of (f)*(D). By jpas08, 
Lemma 3.9] we have f(D') = D and D' = (/)*(D), so that (f)*(D) is a prime divisor. 
Finally it is not difficult to check that (/)*(£)) is not movable. ■ 

3.2 Picard number of divisors in Fano 4-folds 

Let X be a Fano manifold and D C X a prime divisor. If i: D ^ X is the inclu- 
sion, let us consider Mi(D,X) = u(Afi{D)) C M\{X). We have codim M(A A) = 
dimker(.ff 2 (X, R) — >• H 2 (D,R)), therefore the invariant cx defined in the Introduction 
can also be described as: 

cx = max {codimA/i(-D, X) \ D is a prime divisor in X} . 

We will need the following result. 

Theorem 3.11 ([Casll]). Let X be a Fano 4-fold with cx > 3. Then one of the following 
holds: 

(2) X = Si x S2 where Si are Del Pezzo surfaces with ps 1 = cx + 1 > ps 2 ?' 

(m) cx = 3, px = 5, and X has a quasi- elementary contraction onto P 2 ; 

(Hi) cx = 3 ; px = 6, and X has a quasi- elementary contraction onto ¥\ or P 1 x P 1 . 
Moreover every elementary contraction of X is either of type (3,2) sm ; or a conic 
bundle. 

Proof. If X = S\ x S2 with Si Del Pezzo surfaces, we have cx = max{p5 1 — 1, ps 2 — 1} (see 
|CaslH Ex. 3.1]), so up to exchanging Si and S2 we get ps 1 = cx + 1 > ps 2 - 

If X is not a product of surfaces, then by [CaslH Cor. 1.3 and Th. 3.3] we have cx = 3, 
px < 6, and X has a quasi-elementary contraction / : X — )• S where 5 is a smooth Del 
Pezzo surface with px — Ps = 4. Thus ps € {1,2}, and if p$ = 1 we get (ii). 

Suppose that ps = 2, and let g be an elementary contraction of X. If NE(g) <jt NE(/), 
then / is finite on every non-trivial fiber F of g. Since dim Mi(F, X) = 1, we cannot have 
f(F) = S, therefore dimF < 1. Hence g is either of type (3,2) sm , or a conic bundle, by 
Th.EU 

Suppose that NE(<?) C NE(/). After [Caslli proof of Prop. 3.3.1, in particular §3.3.15], 
/ factors as h,2 hi where hi : X — > Y and hi : Y — ^ S are conic bundles, Y is smooth with 
dim Y = 3 and py = 3, and NE(/ii) contains 4 extremal rays, all of type (3, 2) sm . Therefore 
either NE(g) C NE(^i) and we are done, or (hi)*(NE(g)) = NE(/i2). In this last case, if 
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F is a non-trivial fiber of g, then hi is finite on F and h\(F) is contained in a fiber of /12, 
therefore dimi* 1 = 1 and we get the statement. ■ 



Therefore, if we are interested in studying Fano 4-folds which are not products and have 
large Picard number, we can assume that cx < 2, so that for every prime divisor D C X 
we have dim J\f\(D, X) > px — 2. Let us also state the following application. 

Corollary 3.12. Let X be a Fano 4-fold. If X has a small elementary contraction^ then 
either px = 5 and cx = 3, or cx < 2. 

It is natural to ask whether we can deduce similar properties for a SQM of X. The 
following two statements describe how dimJ\f\(D, X) varies under a flip or a SQM. 

Remark 3.13. Let X be a smooth 4- fold, a a K-negative small extremal ray of NE(X), 
X — > X the flip of a, and a the corresponding small extremal ray of NE(X). 

(1) Let Z C X be a closed subset disjoint from Locus(ct), and Z C X its transform. Then 
&mxN\{Z,X) = &m.M\{Z,X). 

(2) Let D C I be a prime divisor, and D C X its transform. Then either dimA/i(-D, X) = 
dimjVi(-D,X), or dimNi(D,X) = dimWi(-D, X) — 1. If the last case occurs, then 
D ■ a < 0, D -a > 0, and a <£Ni{D,X). 

Proof. We have the standard flip diagram: X >■ X 

/si 

Y 

where g and g are the contractions of a and a respectively. 

(1) We have g(Z) = g(Z) and g*(M x (Z,X)) = Afi(g(Z],Y} = g^Mi{Z,X)). 

We show that a C N\(Z,X) if and only if a C N\{Z,X). Indeed let B C Locus(cr) be 
a line in an exceptional plane, and I C Locus(a) an exceptional line. If a C M\(Z, X), then 
B = ^2i\iCi, with Xi £ Q and C Z irreducible curves. Let C Z be the transform 
of Cj. Then there exists p G Q such that = ^ i AjCj. On the other hand, by taking 
anticanonical degrees, we get 

1 = -K x - B = zZ M-^x) -Ci = J2 H~K X ) • Ct = -p, 

i i 

therefore p 7^ and [I] G Mi(Z,X). The other implication is shown in the same way. 

Therefore ker g* C Mi(Z, X) if and only if ker g* C N\{Z, X), which yields dimA/i(^, X) = 
dimM(^,X). 

(2) If Locus(a) nfl = I, then dimM(A-X*) = dimM(5,X) by (1). Suppose that 
Locus((j) nfl / I. By Th. 13.31 Locus(cr) is a union of exceptional planes, in particular 

6 This is equivalent to Mov(X) D Nef(X). 




19 



there is a curve C C Locus(a) n D. Then [C] G cr n A/"i(-D, X), so that a C Afi(D,X), and 
we get: 

JdimM(5,X) if of cM(5,I); 

\dimM(AX) + l ifa^M(AX). 



dimM(Z?,X) 



In the last case, Locus(cr) n -D must be a (non-empty) finite set, therefore we have D ■ a > 
and Z> • o- < 0. ■ 

Corollary 3.14. Lei X be a Fano 4-fold, f: X — ■* X a SQM, D C X a prime divisor, 
and D C X its transform. 

• If f factors as a sequence of m K -negative flips, then dim J\f\(D,X) < dim J\f\(D,X)+m. 

• If D does not contain exceptional planes, then dim7Vi(-D,X) = dim J\f\(D, X). 

3.3 Characterization of no n- movable prime divisors 

In this section we give a geometric description of non-movable prime divisors in a Fano 4-fold 
X with px > 6 (Th. I3,15p , As noticed in Rem. 12.191 the classes of these divisors generate 
the one-dimensional faces of Eff(X) which do not lie in Mov(X). On the other hand, 
we show that if a one-dimensional face of Eff(X) is contained in Mov(X), then px < 11 
fProp. l3,20p . Th. 13.151 also allows to describe elementary divisorial rational contractions of 
X, see Cor. I3T91 

We refer the reader to [BarlOj for a study of Eff (X) and ME(X) for a Fano 4-fold X. 

Theorem 3.15. Let X be a Fano 4-fold with px > 6, and D C X a non-movable prime 
divisor. Then there exists a diagram: 

X--^X 
f 
Y 

where X — » X is a SQM whose indeterminacy locus is the union of exceptional planes L 
such that D ■ Cl < for a line Cl C L, and f is an elementary divisorial contraction with 
Exc(/) = D (the transform of D). Moreover one of the following holds: 

(i) X = X , D is the locus of an extremal ray of type (3, 2), and D does not contain any 
exceptional plane; 

(ii) Y is smooth and Fano, f is the blow-up of a smooth curve, and D is a P 2 -bundle over 
a smooth curve; 

(Hi) Y is smooth and Fano, f is the blow-up of a point, and D = P 3 ; 

(iv) D is isomorphic to a quadric, f(D) is a factorial and terminal singular point, and Y 
is Fano. 



20 



We will say that D is of type (3, 2), of type (3, 1), of type (3, 0) p3 ; or of type (3, 0)^, when 
we are respectively in case (i), (ii), (in), or (iv) above. 

Remark 3.16. In cases (ii) — (iv) we will also show that cx < 2, and that the birational 
map X — ■* X factors as a sequence of at least px — 4 -D-negative and if-negative flips (this 
follows from (|3.18p ). In particular, Th. 13.151 implies Th. 11.21 

Example 3.17 (A non-movable prime divisor of type (3,0) p3 ). Let Y := (P 1 ) 4 and let 
/: X — >• Y be the blow-up of a point p G Y. Then X is a toric 4-fold with p^ = 5; in 

particular X is a Mori dream space. 

Let Ci,C2, 63,64 C Y be the irreducible curves of type P 1 x {pts} through p, and 
li C X the transform of Cj. We have — ify • C, = 2, -ifs • = —1, and Exc(/) • Zj = 1; in 
particular, X is not Fano. 

On the other hand li is an exceptional line, M>o[/j] is a small extremal ray of NE(X), 
and it is possible to flip these exceptional lines with a sequence of 4 flips X — * X. 

Then X is Fanc0 and the transform D C X of Exc(/) is a smooth divisor, isomorphic 
to the blow-up of P 3 in 4 points. There are 4 exceptional planes Li,...,L4 C I?, and 
D ■ = —1 where Cx 4 C Li is a line. 

Proof of Th. \3.15\ After [Casll} Prop. 2.4], there exists a Mori program for D such that 
every extremal ray of the program is X-negative. By Rem. [2T9l this gives a SQM g: X — » 
X, which factors as a sequence of D-negative and -RT-negative flips, and an elementary, K- 
negative, divisorial contraction f:X—>Y with exceptional divisor D, the transform of D. 
Notice that D has positive intersection with all exceptional lines in X. 

If / is of type (3,2), then D is covered by curves of anticanonical degree 1, thus by 
Rem. 13.61 (1) D cannot intersect any exceptional line. This means that X = X and D is 
the locus of the extremal ray NE(/), of type (3, 2). 

Suppose that D contains an exceptional plane L. After the classification of possible 
isolated 2-dimensional fibers of / in [A W97( Th. 4.7], we know that an exceptional plane 
cannot be a component of a fiber of /, therefore / is finite on L. Thus f(L) = f(D), which 
implies that dimA/K/P), Y) = 1. On the other hand Mi(D,X) = (f*)~ l Ni(f(D), Y), so 
that dimAfi(D, X) = 2, and cx > px — 2 > 4. Then X should be a product of surfaces 
by Th. 13.111 thus X cannot contain any exceptional plane, and we get a contradiction. 
Therefore we have (i). 

Suppose that / is not of type (3,2). Since px > 6, by |Cas09 , Cor. 1.3] X cannot have 
elementary divisorial contractions of type (3,0) or (3, 1), therefore g is not an isomorphism 
and X has a small elementary contraction. Hence cx < 2 by Cor. l3.12l and dim Af\(D, X) > 
4. 

Let l%,...,l r C X be the exceptional lines, and suppose that g factors as a sequence 
of m > 1 if-negative and D-negative flips. Then Rem. 13.141 yields m > d.\mNi(D,X) — 
dim7Vi(-D, X), therefore: 

(3.18) r >m> p x - c x - dimAf^D,^) > 4 - dim.A/i(A X). 

7 This toric Fano 4-fold is described in |Bat99l Prop. 3.5.8(iii)]. 
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Moreover D ■ Zj > for every i = 1, . . . , r, and Zj can not be contained in a fiber of /. 

Suppose that / is of type (3, 1), so that dimMi(D,X) = 2 and r > 2 by (|3.18p . Let 
F C D be a fiber of / intersecting l\ U • • • U l r . Then F cannot be covered by curves of 
anticanonical degree 1 by Rem. 13.61 (1). By the classification of elementary i^-negative 
contractions of type (3,1) in |Tak99] . this is possible only if Y is smooth and / is the 
blow-up a smooth curve C C Y, so that D is a P 2 -bundle over C. Moreover the lines in 
the fibers of have anticanonical degree 2 in X. 

If F intersects l\ U • • • U l r in at least two points, by taking the line through these two 
points we get a contradiction with Rem. 13.61 (1). Therefore every fiber of /,g intersects 
l\ U • • • Ul r in at most one point, and the exceptional lines l±, . . . , l r intersect different fibers 
of f^. Since r > 2, this implies that no exceptional line is contained in D. 

Let's show that Y is Fano. We have f*(-K Y ) = -K% + 2D and -K Y ■ f(k) = 
(—K^ + 2D) • li = 2D ■ l{ — 1 > for every % = 1, . . . , r. If a is an extremal ray of NE(A) 
with -K^ ■ a > and D ■ a > 0, then (-Kg + 2D) ■ a > 0. 

Suppose that X has a D-negative extremal ray a ^ NE(/). Then Locus(cr) C D, so 
that — ■ a > 0. If G C D is a non-trivial fiber of the contraction of a, then / must 
be finite on G, hence dimG = 1. Therefore a is of type (3,2) (see Th. I3.1|) . and D is 
covered by curves of anticanonical degree 1, a contradiction by Rem. 13.61 (1). We deduce 
that -K^ + 2D is nef and {-K% + 2D) L n NE(X) = NE(/), hence -K Y is ample and we 
have (ii). 

Assume now that / is of type (3,0), so that dimJ\fi(D, X) = 1 and r > 3 by (|3.18p . 
Suppose that D ^ P 3 . Since -K% ■ NE(/) > 0, we have = Pps(-o) with 

a € {1,2,3}. If a = 3, then D is covered by curves of anticanonical degree 1, which 
is impossible by Rem. 13.61 (1), because D intersects l\. If a = 2, the lines in D have 
anticanonical degree 2 in X, and by taking a line which intersects both l\ and I2, we get 
again a contradiction by Rem. 13.61 (1). Therefore a = 1, Y is smooth, and / is the blow-up 
of a point p £ Y. 

We have f*(-K Y ) = -K s + 3D and -K Y ■ f{k) = {-K% + 3D) ■ k = 3D • k - 1 > 
for every % = 1, . . . , r, and similarly as before we conclude that Y is Fano, so we get (Hi). 

Suppose that D = Q, where Q C P 4 is a quadric. Again we have M^,^ = Oq(— a) 

with a €{1,2}. If a = 2, then D is covered by curves of anticanonical degree 1, which is 
impossible. Thus a = 1, and if C C D corresponds to a line in Q, we have —K^ ■ C = 2 
and D ■ C = —1. The point p = f(D) € Y is a factorial terminal singularity in Y, and 
f*(-K Y ) = -Ky. + 21). As before we see that -K Y ■ f(k) = 2D ■ k - 1 > for every 
i = 1, . . . , r, and Y is Fano, so we get (iv). 

We assume now that D is not isomorphic to P 3 or a quadric, and show that this 
gives a contradiction. This type of exceptional divisor has been studied by Beltrametti 
|Bel87llBeT86] and by Fujita as an application of his theory of Del Pezzo varieties - we refer 
the reader to |IP99[ §3.2] for an overview. 
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Notice that D is reduced and irreducible. Being a divisor in a smooth variety, it is 
Cohen-Macaulay and has a locally free dualising sheaf given by 

Therefore D is Gorenstein, and by Serre's criterion, it is normal if and only if dim Sing D < 
1. 

By |Fuj90t §3, in particular (3.2)], there exists an ample line bundle £ Pic(X) such 
that, if L := (Ljj)^, we have 

Vx(- K x)\D = x(-D) l5 = L, 



hence uj^ = L®' 2 \ Moreover the pair (D,L) is a Del Pezzo variety, see |Fuj90 (3.3)] and 
[TP991 §3.2] for the definition. 

Notice that D cannot be covered by curves having intersection 1 with L, because these 
would have anticanonical degree 1 in X, contradicting Rem. [3761 (1). 

Set d := L 3 . If d = 1, then by |IP99[ Th. 3.2.5 (i)] D is isomorphic to a hypersurface of 
degree 6 in the weighted projective space P(3, 2, 1, 1, 1). 

Since P(3, 2, 1, 1, 1) has two singular pointsj, the generic hypersurface is smooth; if in 
the smooth case D is covered by curves having intersection 1 with L, the same must hold 
also in the singular case. 

Hence suppose that D is smooth. By [IP99|. Prop. 3.2.4 (i)] the general element S € \L\ 
is a smooth surface with —K$ = Lig ample and (— K$) 2 = d = 1. Therefore S is covered 
by curves of anticanonical degree 1 (the pencil | — K$\) and D is covered by curves having 
intersection 1 with L, which gives a contradiction. 

If d = 2, then by [IP99|, Prop. 3.2.4 (ii)] the linear system \L\ determines a double 
covering it: D — > P 3 such that L = 7r*0p3(l). For i = 1,2 choose p-i € D H k, and let 
C C P 3 be a line through vr(pi) and vr(p 2 ). Set C := vt^C) C D. Then Pl ,p 2 G C , 
7r*(C") = 2C and -K^ ■ C = (L ■ C') 5 = 2 (where ( • ) g is intersection in D). The 
curve C can not be irreducible by Rem. 13.61 (1), but if it is reducible we get a curve of 
anticanonical degree 1 in X containing one of the points pi, which is again impossible. 

Suppose now that d > 3. Then L is very ample and gives an isomorphism of D with 
V C F d+1 of degree d, see [TP991 Prop. 3.2.4 (ii)]. 

If d = 3 then V is a cubic in P 4 , thus it is covered by lines, and D is covered by curves 
having intersection 1 with L. Similarly, if d = 4, then by |IP991 Th. 3.2.5 (iv)] V is the 
complete intersection of two quadrics in P 5 , and again it is covered by lines. 

Assume that d > 5. Then by [Fuj9§ (2.6)] V C F d+1 is not a cone over another variety. 

If D is smooth, then it is a Fano 3-fold of index 2, and by [IP99|, Th. 3.3.1] the possibilities 
for D are: the blow-up of P 3 in a point, (P 1 ) 3 , Pp2(Tjp2), or a linear section of G(l, 4) C P 9 . 
In all these cases it is easy to see that D is covered by curves having intersection 1 with L. 



3 This can be seen for instance using toric geometry, see |Con 02, Th. 3. 1 
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Suppose now that dimSing(D) = 0. Then D is normal, and by |Fuj86, Th. (2.1) and 



(2.9)] we see that the singularities of D are ordinary double points; in particular D has 
terminal singularities. Therefore by [Na m971 Th. 11] D has a smoothing T, where T is a 
smooth Fano 3-fold with index 2 and anticanonical degree 8d. By the previous case, we 
know that T is covered by curves of anticanonical degree 2, hence the same holds for D. 
If dimSing(-D) = 2 then D is not normal, and by |Fuj86 Th. (2.1)] V is the projection 



of a smooth variety of minimal degree in p rf + 2 . In particular V is covered by lines, and we 
are done. 

If instead dimSing(D) = 1 (so that D is normal), we follow the construction in |Fuj86 
(6), p. 150]. Let p G Sing(V), and set 



W:= (J PCP W , 

where pq denotes the line through p and q in F d+1 . Notice that dimVF = 4 and W has 
degree d — 2. Set moreover 

R := {p G W | pq C W for every q G W \ p} 

(so that po G R). By |Fu j86[ Lemma (2)], R C P d+1 is a linear subspace, and if M C W is a 
section of VF with a generic linear subspace of dimension d — dimi?, then VF is the cone over 
M with vertex R. By |Fuj 86, (6)] M is smooth and R C Sing(V), therefore dimi? G {0, 1}. 
All the possibilities for V are listed in |Fuj86, Th. (2.9)]. Since diml/ = 3 and 



dimSing(V) = 1, we see that the possibilities are: (vi), (si22i), (si31i), (si211), (si21i- 
a), (silllo-d), and (si21i-b). In the cases (vi), (si22i), (si31i), (si21i-a), and (si21i-b) we 
have dimii = 1 (see |Fuj86|, pages 155, 169, 170, and 163 respectively). 

In case (silllo-d) we have dimi? = 0, however this variety V is the same as (si21i-a), 
sec |Fuj86, Remark on p. 167]. By choosing the point po in a one-dimensional component 
of Sing(V), we can reduce to the case where dimi? = 1. The case (si211) is analogous, see 
Fuj86, Remark on p. 171]. 



Therefore R is a line and dimM = 2. We still follow the construction in |Fuj 86, (7)]. 
Let P — s- W d+1 be thejplow-up along R, let V C P and W C P be transforms of V and W 
respectively, and <p: W —> W the induced morphism. 

Then W is smooth and there is a P 2 -bundle structure W — > M such that if F C W is 
a fiber we have ip*{Ow(X))\F = Cp 2 (l)- O n the other hand by |Fuj86| (8)] we also have 
ip*(Pwi}))\F = C^(^)|Fj therefore for a generic F the intersection V n F is a line in F, 
and tp(y n F) is a line in V C P d+1 . This shows that V is covered by lines, and concludes 
the proof. ■ 

Corollary 3.19 (Elementary divisorial rational contractions). Let X be a Fano 4-fold with 
px > 6, and consider an elementary divisorial contraction f: X — > Y, where X is a SQM 
of X. Then Y has at most isolated terminal and factorial singularities. Moreover one of 
the following holds: 

(i) f is of type (3,2), X — > X is an isomorphism over Exc/ ; and Exc(/) does not 
contain any exceptional plane; 
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(ii) Y is smooth and it is a SQM of a Fano 4-fold, and f is the blow-up of a smooth curve 
C C Y; moreover if Co C Y is an irreducible curve with C n Co ^ and Co 7^ C , 
then —Ky • Co > 3 ; except possibly for finitely many exceptions where —Ky • Co = 1, 
Exc(/) • Co = 1, and —K^ • Co = — 1 (Co C X the transform of Co); 

(Hi) Y is smooth and it is a SQM of a Fano 4-fold, and f is blow-up of a point p £ Y ; 
moreover if Co C Y is an irreducible curve with p € Co, then —Ky • Co > 4, except 
possibly for finitely many exceptions where —Ky • Co = 2, Exc(/) - Co = 1, and 
-Kz ■ Co = -1; 

(iv) Exc(/) is isomorphic to an irreducible quadric and p := /(Exc(/)) is a point; more- 
over ifCoCY is an irreducible curve with p £ Co, then —Ky - Co > 3, except possibly 
for finitely many exceptions where —KyCo = 1, Exc(/)-Co = 1, and —K^-Cq = — 1. 

Proof. Let D C X be the transform of Exc(/). Then D is a non-movable prime divisor, 
and by Th. 13. 151 there is a diagram 

X--^X 1 --^X 
h f 
Yi - -**Y 

where X — ■ » X\ is a SQM and f\: X% — > Yi is an elementary divisorial contraction with 
exceptional divisor the transform of Exc(/), and satisfying one of the conditions of Th. l3.15l 
The birational map Y\ — > Y is an isomorphism in codimension 1, i.e. it is a SQM. 

The cases (i) - (iv) of the statement correspond to the same cases of Th. 13.151 we will 
consider (i) and (ii), the other ones being completely analogous. 

If D is of type (3, 2), then X = X\, fx is an elementary contraction of type (3, 2), and D 
does not contain any exceptional plane; in particular d\m.N\(D,X) = dimA/i(Exc(/), X) 
by Rem. [3TT41 

If the map X — » X is not an isomorphism, then Cor. 13.121 yields that cx < 2. Hence 
dimA/l(Exc(/),X) = dimM(A*) > Px - 2 > 4, 

and / cannot be of type (3, 0) nor (3, 1). Therefore / is of type (3, 2) and Exc(/) is covered 
by curves of anticanonical degree 1. By Rem. 13.61 (1) the map X —-> X is an isomorphism 
over Exc(/), and we get (i). 

Suppose now that D is of type (3, 1). Then Y\ is smooth and Fano, so that the birational 
map Yi — - > Y is an isomorphism outside a disjoint union of exceptional planes in Yi, see 
Rem. 13.61 Moreover fx is the blow-up of a smooth curve C\ C Yi, and Ky^) = 

-^ i +2Exc(/ 1 ). 

Let li,...,l r C X\ be the exceptional lines. Then fx(h) intersects Cx and —Ky x ■ f(h) = 
2Exc(/i) -k-l, hence -K Yl ■ f(k) > 3 unless -K Yl ■ f(k) = Exc(/i) -k = 1. On the other 
hand let C2 C Yi be an irreducible curve different from Cx, fi(h), ■ ■ ■ , fi(l r )- If C\ PlC2 7^ 0, 
then -K Yx • C 2 > 3. 
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Let now L C Y\ be an exceptional plane. Since C\ can intersect at most finitely many 
curves of anticanonical degree 1, we have C\C\L = 0, and f^ l (L) C X\ is still an exceptional 
plane. Then (h U • • • U l r ) n /f 1 {L) = by Rem. ETBl (3), thus (/i(Zi) U • • • U h{l r )) n L = 0. 

We conclude that CiU/i(7i)U- • -U/i(7 r ) is contained in the open subset where Y± — - » Y 
is an isomorphism, and Exc(/i)U/iU- • -L)l r is contained in the open subset where X\ — > X 
is an isomorphism. 

Therefore / is the blow-up of a smooth curve C C V, and C does not meet any 
exceptional line in Y . Let Co C Y be an irreducible curve which meets C, Co 7^ C, and 
let Cq C Y\ be its transform. We have —Ky ■ Co > —Ky 1 ■ C by Rem. 13.61 so that either 
—Ky ■ Co > 3, or C = fi(h) for some i 6 {1, . . . , r} and — iTy^ • C = Exc(/i) ■ Zj = 1; this 
gives the statement. ■ 

We conclude this section showing that when the cones Mov(X) and Eff(X) share a 
one-dimensional face, we can easily bound the Picard number of X. As a consequence, 
when px is large, X contains plenty of non-movable prime divisors. 

Proposition 3.20. Let X be a Fano A-fold, and suppose that there exists a movable prime 
divisor D whose class belongs to a one- dimensional face o/Eff(X). 

Then px < 11. Moreover if px = 11 then D is a fiber of a quasi- elementary contraction 
X — > F 1 , with general fiber P 1 x S, where S is a Del Pezzo surface with ps = 9. 

Proof. The cone R>o[-D] is a common one-dimensional face of Mov(X) and Eff(X). By 
Cor. 12.251 this implies the existence of a quasi-elementary rational contraction /: X — » Y 
with py = 1. 

If dim Y = 3, then / is elementary and px = 2 (see Rem. 12.241) . 

Assume that dim Y < 2. If / is not regular, then px < 10 by Cor. 13.91 If / is regular, 
the statement follows as in the proof of Cor. 13.91 ■ 

Corollary 3.21. Let X be a Fano A-fold with px > 12. Then Eff(X) is generated by 
classes of non-movable prime divisors; in particular X contains al least px such divisors. 

4 Rational contractions of fiber type of Fano 4-folds 

4.1 Quasi-elementary rational contractions onto surfaces 

In this section we study Fano 4-folds having a quasi-elementary rational contraction onto 
a surface. First of all let us recall what happens in the case of a regular contraction. 

Proposition ([Cas08], Th. 1.1 (i)). Let X be a Fano 4-fold and f : X — )• S a quasi- 
elementary contraction onto a surface. Then p$ < 9, px < 18, and px = 18 only if X is a 
product of surfaces. 

If f is elementary, then px < 10, with equality only if X = P 2 x5. 

Here is the result in the rational case. 
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Proposition 4.1. Let X be a Fano 4-fold and f: X —■* S a quasi- elementary rational 
contraction onto a surface. Assume that f is not a morphism. 

If f is not elementary, then ps < 9 and px < 17. 

If f is elementary, then px < 11- 

Proof When / is elementary px = ps + 1, while in general px < ps + 8 by Cor. 13.91 
Therefore we have to show that ps < 10 if / is elementary, and ps < 9 otherwise. 

The surface S is smooth and is a Mori dream space by Cor. 13. 8\ moreover S is rational 
because X is rationally connected. 

We assume that px > 6 and ps > 4. Under these conditions, we are going to show that 
—Kg is nef, and ample when / is not elementary; since S is a smooth rational surface, this 
implies the statement. Notice that in order to show that — K$ is nef (respectively, ample), 
it is enough to show that —Ks-cr > (respectively, > 0) for every extremal ray a of NE(S'); 
moreover, every such extremal ray corresponds to an elementary contraction of S. 

Thus let g: S — > S\ be an elementary contraction. The surface S\ has rational singu- 
larities by Rem. 13.71 and since ps > 4, g is birational. 

~ J 

Consider a factorization X X — > S of / as in Rem. 13.71 and let C C S be the 
irreducible curve contracted by g. Since C is a non- movable prime divisor in S, by Rem. [3~TU1 
D := (/)*(C) = (/) _1 (C) is a non-movable prime divisor in X. We have (/) *(M\(D , X)) = 
R[C] cM(S), hence 

dimAfx(D, X)<1 + dimker(/), = 1 + p x - ps < Px - 3. 

Let Dx C X be the transform of D. Since / is not regular, X has a small elementary 
contraction, and Cor. l3.12l gives cx < 2, hence dhnJ\f%(Dx, X) > px — 2. We apply Th. 13.151 
to Dx, and consider the possible types. 

We notice at once that dimAfi(Dx, X) > dim M\(D, X), therefore by Rem. 13.141 Dy 
must contain some exceptional plane. This implies that Dx cannot be of type (3, 2) (see 
Th.CnSl(t)). 

We apply Rem. 12.201 to g o f : X — > S% and D, and get a diagram: 

x - h. ^ x — ^ Xj 



f 




where k is an elementary divisorial contraction with exceptional divisor the transform of 
D, fi is a contraction, and h is a birational map which factors as a sequence of Z)-negative 
flips. Notice that X% is factorial by Cor. 13,191 in particular it is again a Mori dream space 
(seeRem.EHJ). 

We show that f\ : X\ — > S\ is quasi-elementary. Let F C X be a general fiber of /, 
and consider its transforms F C X and F\ C X\. Since the indeterminacy locus of h is 
contained in D, it is disjoint from F; therefore F, F, and F\ are isomorphic, and F\ is a 
general fiber of f\. By Rem. 13.131 (1) we get 

dim7Vi(F,X) = dimA/"i(F,X) = p x - p s = p Xi - ps x = dimker(7)* 
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(we are using that / is quasi-elementary, see Prop. 12,221 (it)). 

On the other hand F n Exc(/c) = 0, therefore M\{F,X) C Exc(fc)- 1 and NE(fc) ^ 
Afi(F,XJ. We conclude that fc*: Ni(X) — > Ni(Xi) is injective on Afi(F,X), and since 
M(-Fi,Xi) = we get dimM(^i,^i) = dimM(-F\*) = dimker(/ 1 )„ and 

fi is quasi-elementary by Prop. 12.221 (ii). 

If Dx is of type (3, 1) or (3, 0) p3 , then X± is smooth and it is a SQM of a Fano 4-fold X± 
by Cor. 13.191 Since X± — > Si is a quasi-elementary rational contraction, Cor. 13.81 implies 
that Si is smooth. Hence g is the blow-up of a smooth point, and — Kg ■ C = 1. 

Suppose now that £>x is of type (3,0) Q . We show that /i is K -negative. 
By contradiction, suppose that there exists an irreducible curve Co C X\ such that 
/i(Co) = {pi} and —Kg ■ Co < 0. By Cor. 13.191 Co cannot contain the singular point 

p := k(Exc(k)), therefore Co = k(l) where Z C X is an irreducible curve, disjoint from 
Exc(fe), with —Kg ' I — 0* By Rem. 13.61 (2), Z is an exceptional line. We need the following. 

Remark 4.2. Let X be a Fano 4-fold and consider a diagram: 

(4.3) X 

<P / \ V 

/ \ 

~ > 7 A ^ 

X - - - 

where and ^ are SQMs and h :=ifi o tp ■ Let Z C X be an exceptional line. 

(1) Either I C dom(^ 1 ), or I n dom(/t _1 ) = 0. 

(2) Let -D be a divisor in X, D its transform in X, and suppose that /i factors as a sequence 
of D-negative flips. If I D dom(/i~ 1 ) = 0, then D - l > 0. 

Proof. By Rem. 13.61 (2) we have Z D dom^ -1 ) = 0. Therefore if Z is not contained in the 
indeterminacy locus of h , then its transform Z C X must be contained in the indetermi- 
nacy locus of (f^ 1 . Then again by Rem. 13.61 Z is an exceptional line, and h" 1 = (p o ip^ 1 is 
an isomorphism on Z. 

For the second statement, we can factor h as X --■» X\ X, where hi is a D\ -negative 
flip (D\ the transform of D in X\). By induction, we can assume that the statement holds 
for hi. Now if Zndom(Zi^" 1 ) = 0, we have D-l > 0, because h^ 1 is a -D-positive flip. Otherwise 
Z is contained in the open subset where h% is an isomorphism, so that Z = /^Gi), Zi an 
exceptional line in X\. Moreover Zi (~l dom(/i^ 1 ) = 0, therefore by induction D\ ■ l\ > and 
D ■ I > 0. ■ 

We carry on with the proof of Prop. 14.11 and apply Rem. 14.21 to h and Z C X. Since 
Exc(/c) • Z = 0, we deduce that h is an isomorphism over Z, so that Z = Zi _1 (Z) C X is an 
exceptional line disjoint from D and contracted by g o f. On the other hand dim/(Z) = 1 
(because / is K- negative) , and /(Z) ^ C (because Z / -1 (C) = D), thus dim(go/)(C) = 1, 
a contradiction. 
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Hence fx : X\ — > S\ is a iiT-negative quasi-elementary contraction. Since Xi is factorial, 
as in |Cas081 Lemmas 3.9 and 3.10] one shows that S\ is factorial. Thus S\ is a normal, 
Gorenstein surface with rational singularities, that is, S\ has at most Du Val singularities. 
Therefore either g: S — > S\ is the blow-up of a smooth point and —Kg ■ C = 1, or C is a 
(— 2)-curve in S and — K$ ■ C = 0. 

Summing up, we have shown that — K$ • NE(g) > for every elementary contraction g 
of 5, therefore —Kg is nef. 

Suppose now that / is not elementary. To show that — K$ is ample, we need to show 
that when Dx is of type (3, Op, C cannot be a (— 2)-curve. For this, we show the existence 
of an irreducible curve C'cl with D ■ C = — 1. This gives: 

-l = (/)*(C)-C' = C-(/)*(C), 

hence (/)*(C") = C and C 2 = -1. 

We know that f\ is a non-elementary ET-negative quasi-elementary contraction, so that 
the general fiber is a smooth Del Pezzo surface with Picard number > 1. In particular, 
every fiber of fi is covered by curves of anticanonical degree 2, either irreducible, or a union 
of two irreducible curves of anticanonical degree 1. 

Let Fq C X\ be the fiber containing the singular point p. By Cor. 13.191 p cannot be 
contained in any irreducible curve of anticanonical degree 2, hence we find an irreducible 
curve C\ C Fq such that p G C\ and —K^ ■ C\ = 1. Again by Cor. 13.191 C\ = k(h), where 

l\ C X is an exceptional line with Exc(A;) • l± = 1; clearly l\ (£ Exc(/c). 

Notice that /i cannot be an isomorphism over l\, otherwise we would get an exceptional 
line in X, not contained in D, but contracted by g o /, which is impossible. Therefore by 
Rem. EP1 we have h D dom(/i -1 ) = 0. 

Consider now the factorization h = ifi o as in (|4.3p . where and i/j are SQMs. 
By Rem. 13.61 (2), l\ is contained in the indeterminacy locus of ip" 1 ^ let L C X be the 
corresponding exceptional plane, and Cl C L a line. Since Exc(fc) ■ l\ = 1 in X, using 
Rem. 13.41 we see that Z?x • Cl = —1. Now we cannot have L n dom(y9) = (otherwise 
would be an isomorphism over Zi), therefore L intersects the indeterminacy locus of ip in 
finitely many points and we can choose Cl disjoint from it. In the end C := <£>{Cl) C X 
is an irreducible curve with D ■ C = — 1, and this concludes the proof. ■ 

4.2 Elementary rational contractions onto 3-folds 

In this section we study Fano 4-folds having an elementary rational contraction onto a 
3-dimensional variety. Also in this case, we first recall the result about the regular case. 

Theorem ([Cas08j, Cor. 1.2 (iii)). Let X be a Fano 4-fold and f : X — > Y an elementary 
contraction with dimY = 3. Then px < 11, with equality only if X = F 1 x P 1 x S or 
X = Fj X S, where S is a surface. 

Here we show the following. 

Theorem 4.4. Let X be a Fano 4-fold and f : X — * Y an elementary rational contraction 
with dimY = 3. Then px < 11. 
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Before proving the theorem, we need some preliminary lemmas. 



Lemma 4.5. Let X be a Fano 4-fold and X — > Y an elementary rational contraction with 
dimY = 3. Suppose that g: Y —^Yq is a small elementary contraction. 

Then ~Exc(g) is the disjoint union of smooth rational curves, lying in the smooth locus 
of'Y, with normal bundle Opi( — l)® 2 ; in particular Ky ■ NE(g) = 0. 

Proof. By Rem. 13.71 we can factor the map X — » Y as X —-> X -4> Y, where X is a SQM 
of X and / is a if-negative elementary contraction. 

By standard properties of if-negative elementary contractions, / is equidimensional 
except possibly at finitely many points of Y, where / can have isolated 2-dimensional 
fibers. Moreover Y can have at most canonical and factorial singularities at these points, 
and is smooth elsewhere (see Th. 13.11 and Cor. I3.8|) . 

We have dimExc(<7) = 1 and g(Exc(g)) = {pi, . . . ,p r } is a finite set of points. Fix 
i £ {1, . . . , r}; we show that there exists an exceptional line l{ contained in (g o f) (pi). 

Suppose that this is not the case: then there is an open subset U of Yo, containing pi, 
such that U := (g o /) (U) does not contain exceptional lines. In particular (gof)^: U — > 
U is a local contraction and —Kg is (g o /)-ample. Moreover (g o f)^ factors as gp Y o fp, 

where U Y := 9~ l (U), so that d\m.Mi{U /U) = 2 (we refer the reader to |KMM87| for the 
notation in the relative setting). 

Let r be the extremal ray of NE({7 /U) different from NE(/|^). We have /(Locus(r)) C 
Exc(g), so that dimLocus(r) < 2, and r is a small extremal ray. On the other hand / is 
finite on the fibers of the contraction of r, which then have dimension at most 1. Anyway 
this is impossible by Th. 13.11 because — Kg • r > 0. 

Therefore we have an exceptional line C (g o f)^ 1 (pi), and g o f is not if -negative. 

By flipping the if-positive extremal rays contracted by g o / as in the proof of Rem 13.71 
we get a diagram: 

X--*X 
f 

Y^Y 

where h is a composition of if-positive flips, and ip is a if-negative contraction. In partic- 
ular, as in Rem. 13.61 we see that X \ dom(/i _1 ) is a disjoint union of exceptional planes, 
and X \ dom(/i) a disjoint union of exceptional lines. 

Since / cannot contract any exceptional line, h is an isomorphism on (g o /) _1 (Yo \ 
{pi, . . . ,p r }), so that (p is equidimensional outside a finite subset of Yo- 

Fix i G {l,...,r}, set Si := (g o f)~ 1 {pi), and let Si C X be its transform, so that 
Si Q ip~ 1 (pi). The fiber ^ 1 (pi) cannot have dimension 3, because h is an isomorphism 
in codimension 1 and g o / has fibers of dimension at most 2. Since Si has dimension 2, 
tp~ l (pi) is an isolated 2-dimensional fiber of ip. 

On the other hand Si contains the exceptional line Zj, which lies in the indeterminacy 
locus of h. We conclude that there is an exceptional plane Li, lying in the indeterminacy 
locus of h , and contained in ip~ l {pi), so that f' 1 (pi) 5 Li U Si. 
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We use the classification of possible isolated 2-dimensional fibers of <p given in [AW97, 
Prop. 4.3.1] (notice that we can apply this result to ip using [Mel99l Th. 2.6], as in the proof 
of Th. l3.2p . In particular, if T is an irreducible component of <p (pi) which intersects Li in 
a curve, we see that T is either P 2 , P 1 xP 1 , the Hirzebruch surface Fx, or the quadric cone. 
On the other hand T n Li must be a negative curve in T, therefore the only possibility is 
T = Fi. 

We conclude from [AW97| Prop. 4.3.1] that c/^Oi) = L { U Si, and either Si = P 2 
intersects Li in one point, or Si = Fi intersects Li in a curve which is a line in Li, and the 
(— l)-curve in Si. 

In particular S% is irreducible, therefore Si is irreducible and Cj := g~ 1 (pi) is an irre- 
ducible curve, because Cj = f(Si). Moreover / cannot have 2-dimensional fibers over Cj, 
because Si = f~ l (Ci), so that / is a conic bundle over d and C{ C Y reg (see Th. 13. ip . 
On the other hand f(h) = Cf and li cannot intersect curves of anticanonical degree 1 by 
Rem. I3~U1 (1). therefore / is smooth over Cj. 

The birational map h^ 1 gives an isomorphism S{ \ k = Si \ Lj = P 2 \ {pi}, and under 
this isomorphism /|5 iV j j is the projection. We conclude that Cj = P 1 , = Fi, and l{ is the 
(— l)-curve in Fi. 

We have M h/Si ^ O p i(-1) and A/J,^ = O P i(-l) 03 , which imply that (A/^/y)^ = 
Opi(-l)® 2 . On the other hand M s . f x = (f\Si)*^Ci/Y, therefore 

^/y = (%)|,,=Op 1 (-l) ffi2 ! 

and this concludes the proof. ■ 

Lemma 4.6. Let X be a Fano 4-fold with px > 6 and X —■* Y an elementary rational 
contraction, which is not regular, with dimy = 3. 

Suppose that g: Y — > Yq is a divisorial elementary contraction. Then g is the blow-up 
of a smooth point ofY^; in particular —Ky ■ NE(g) > 0. 

Proof. As usual, using Rem. 13.71 we factor the map X — > Y as X — > X A Y, where X 
is a SQM of X and / is a i^-negative elementary contraction. Moreover the map X — > X 
is not an isomorphism. Since X has a small elementary contraction and px > 6, we have 
cx < 2 by Cor. I3TT21 

By Rem. ETTUl the divisor D := /^(Exc^)) is a non-movable prime divisor in X. 
Moreover Ni{D,X) = (<?* ) ~ 1 (Ni (Exc (flr) , Y") ) , so that 

(4.7) dimM(-D,X) = 1 + dimM(Exc(g),F) < 3. 

Let D x C X be the transform of D; then dimA/i(-Dx,^Q > - 2 > 4 > dimA/i(A X). 
As in the proof of Prop. 14.11 this shows that Dx cannot be of type (3, 2). 

Step 1: we show that g is of type (2,0). 

By contradiction, suppose that g is of type (2, 1); we show that then Dx must be of type 
(3, 2), which we have already excluded. 

Consider the (possibly empty) set of exceptional lines l\,...,l r C X such that (g o 
f)(k) = {pt}. Set U := Y \ (g o f){h U • • • U l r ), U Y := g- l (U), and U := f- l (U Y ). Since 
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Yo \ U is a finite set and g is of type (2, 1), we have Exc(g) PI Uy ^ 0, and gm Y : Uy — > U 
is a non-trivial local contraction. 

Consider now the local contraction (g o f)g : [7 — > U. As in the proof of Lemma 14.51 

we see that there is a birational extremal ray r of NE([//£7) such that —Ky • r > 0, 
t ^ NE(/,jj), and the associated contraction has fibers of dimension at most 1. Then r is 

of type (3, 2) by Th. 13.11 in particular Locus(r) is a prime divisor in U. On the other hand 
/(Locus(t)) C Exc(g), therefore Locus(r) = D D U. 

We run a Mori program on X for L> over Yq . This means that we obtain a commutative 
diagram: 




satisfying (012) and (J2J13), where moreover for every i = 0, . . . , k there is a contraction 
ifi : Xi — » Yo (with <fo = 9 f) such that o~j C NE(<^j) for i < k. Instead of (014), in the 
end we get that either is </?fc-nef, or there exists a D^-negative extremal ray of fiber type 
<7 k C NE(^ fc ). 

In our situation, Z?& is effective, therefore in Xf~ there cannot be a D^-negative extremal 
ray of fiber type, and is i/^-nef. 

Let i € {0, . . . , k} be such that is a flip for every j £ {0, ...,£ — 1}, and either i < 
and /j is divisorial, or i = k; in particular X — + Xj is a SQM. Then /j is an isomorphism 
on ip^ l (U) for every j € {0, ... ,i — 1}. Indeed suppose that i > 0; then o"o C NE(g o /) 

is a small extremal ray, and NE(£7 /[/) = r + NE(/,^), hence Locus(t) n U = 0. Iterating 

this reasoning, in the end we see that U := (p~[ l {U) is isomorphic to U, and n U is the 
locus of an extremal ray of type (3, 2) in NE (£/$/[/). 

In particular Di is not <^9j-nef, so that i < k, and fi - Xi — > Xi+i is an elementary 
divisorial contraction with exceptional divisor Di. We deduce that that fi is of type (3, 2), 
and hence that Dx is of type (3,2), a contradiction. This concludes the proof of Step 1. 

Therefore g is of type (2,0); in particular p := (g o f)(D) = g(Exc(g)) E Yq is a point. 
We apply Rem. 12.201 to go/: X — > Yq and D, and get a commutative diagram: 

X - - ^ Z — ^ Xi 



/ 




where /i is a SQM which factors as a sequence of D-negative flips, and is an elementary 
divisorial contraction with exceptional divisor D, the transform of D. 

Notice that f\ is an elementary i^-negative contraction of type (4, 3), and that X x D = 

S^ep tu/ien -Dx is of type (3,1) or (3, 0) p3 , then X\ is smooth and dim/j -1 ^) = 1, so 
that Yq is smooth at p. 
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Suppose that Dx is of type (3, 1). Then by Cor. 13.19"! Ai is smooth and k is the blow-up of 
a smooth curve C C X\. Moreover C cannot intersect irreducible curves of anticanonical 
degree 2, and can intersect only finitely many irreducible curves of anticanonical degree 1. 
Since the image of D in Yq is a point, C is contained in a fiber of fx- 

Thus fx : X\ — > Yq is an elementary ET-negative contraction of a smooth 4-fold, of type 
(4,3). We know that fx can have isolated 2-dimensional fibers, and that Yq is smooth 
outside their images (see Th. 13. Moreover the possible 2-dimensional fibers have been 
classified by Kachi [Kac97] and Andreatta and Wisniewski [AW971 Prop. 4.3.1]. It is not 
difficult to see that if C were contained in a 2-dimensional fiber, in any case C should 
intersect curves of anticanonical degree 2, or infinitely many curves of anticanonical degree 

1, which is impossible. 

Hence C is contained in a 1-dimensional fiber of fx, Yq is smooth in p = fx(C), and g 
is just the blow-up of p. 

Suppose that Dx is of type (3,0) p3 . Again by Cor. 13.191 X\ is smooth and k is the 
blow-up of a point q £ X\. Moreover q cannot belong to irreducible curves of anticanonical 
degree 1, and can belong at most to finitely many irreducible curves of anticanonical degree 

2. Similarly to the previous case, using Th. 13.21 on isolated 2-dimensional fibers of fx, we 
see that q belongs to a 1-dimensional fiber of fx, so that p = fi(q) is a smooth point of Yq 
and g is just a blow-up. 

Step 3: the case where Dx is of type (3,0)^. 

For the rest of the proof, we assume that Dx is of type (3, 0)^. By Cor. 13. 191 we know that 
D is isomorphic to an irreducible quadric, and q := k(D) € X% is an isolated terminal and 
factorial singularity. Moreover we have the following properties. 

(PI) The point q cannot belong to irreducible curves of anticanonical degree 2, and can 
belong at most to finitely many irreducible curves of anticanonical degree 1. 

(P2) Let C C Xx be an irreducible curve such that q £ C and —K x ^ ■ C = 1. Then the 
transform C C X is an exceptional line, and D ■ C = 1. 

(P3) Let Cx,C2 C Xx be distinct irreducible curves such that — Kg ■ Cx = 1 and the 
transform C2 C X of C2 is an exceptional line. Then either C\ D C2 = 0, or G\ D C2 = 

!'/}• 

Indeed (Pi]) and (Pg]) follow directly from Cor. l3T9l For (PSD, let Cx C X be the transform 
of Cx. Hq^Cx, then -K% C x = l, so that Cx n C 2 = by Rem. (1), and d n C 2 = 0. 
If g 6 Cx, then Ci is an exceptional line by (P2J), therefore C\ n C2 = again by Rem. 13.61 
and Ci n C 2 = {<?}. 

S"iep ^: let T be an irreducible component of fx 1 (p)red containing q. If dim T = 1, then 
—K x ^ ■ T = 1. 7/dimT = 2, then T = ¥ r for some r > 0, and the fibers of the ¥ l -bundle 

on T have anticanonical degree 1 in Xx ■ 

Since fx - Xx — > Yq is an elementary contraction of type (4,3), it has fibers of dimension 
at most 2, and can have at most isolated 2-dimensional fibers. Moreover by Th. 13.11 the 
general fiber of fx is a smooth rational curve of anticanonical degree 2. 
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By degeneration (for instance using the Hilbert scheme), we find a connected curve 
C C X\ containing q and numerically equivalent to a general fiber of fx, so that C C f 1 ~ 1 (p). 
Let Co be an irreducible component of C containing q. We have —Kg ■ Co < —Kg^ = 2, 

—Kg • Co > because f\ is elementary, and — Kg • Co € Z because X\ is factorial. Using 
(P[T]) we conclude that —Kg^ ■ Co = 1. Thus if dimT = 1, we have T = Cq and we are 
done. 

If dimT = 2, the possibilities for (T, (—Kg )\j>) are given by Th. 13.21 (£), (m), or (m). 
However (i) is excluded by (P[I|). In case (ii), again by (F[T]) q cannot be the vertex of 
the cone, and q cannot be another point of the cone by (F|2]) and (F|3]) (just take the line 
through q and another line). Thus we are left with (Hi), which gives Step 4. 

Step 5: the contraction f\ o k: X — > Yq is not K -negative. If 1%, . . . ,l s C X are the 
exceptional lines contracted by f\ o k, we have 1% = • • • = l s , D ■ lj = 1, —K^ ■ k(lj) = 1, 

and [lj] belongs to an extremal ray a o/NE(X) such that NE(/i o k) = NE(fc) + a. 
We know from Step 4 that fi l (p) contains an irreducible curve of anticanonical degree 1 
through q. By (H3|), this gives an exceptional line in X contracted by f\ o k, so f\ o k is not 
.fCnegative. Thus NE(/i o k) = NE(fc) + a, where a is an extremal ray with —K^ ■ a < 0, 
and by Rem. [3761 (2) Locus(cr) is a disjoint union of numerically equivalent exceptional lines. 

Fix j E {1, . . . , s}. The image k(lj) C X\ is an irreducible curve contained in a fiber of 
/i, so that —Ky£ ■ k(lj) > 0, while —Kg • lj = — 1- Therefore lj n D ^ $ and g G fe(^), in 
particular fc(Zj) C /^(p). 

By Step 4, if fc(Zj) is an irreducible component of fi 1 {p) r ed, then — if^ • fc(Z^) = 1. 
Otherwise, k(lj) is contained in a 2-dimensional component T = F r for some r > 0. By 
(F|3]) fc(ij) can intersect the fibers of the P 1 -bundle on T only in the point q. Therefore 
k(lj) is the fiber of the P 1 -bundle through q and again —Kg ■ k(lj) = 1. We deduce that 

D-lj = 1 by (FE]). 

Now notice that ker(/i o k)* is 2-dimensional and is generated by [h] and [B], where B 
is a line in the quadric D. We have D ■ B = —1, —K^ ■ B = 2, and —Kg ■ l\ = —1. Thus 
[L>] and [Kg] give linearly independent linear functions on ker(/i o fc)*, and since li,...,l s 
have the same intersection with both, we get l\ = ■ ■ ■ = l s . Moreover a contains the class 
of at least one exceptional line, therefore [lj] G a. 

Step 6: we show that h is just one D-negative and K -negative flip. 

First of all notice that D C X cannot be isomorphic to a quadric (e.g. because it has a 

~ yj ~ fti ^ 

morphism onto Exc(g)), so that h is not an isomorphism. Let's factor h as X — » X' X, 
where h! is a sequence of .D-negative flips, and h" is just one /^'-negative flip, D 1 C X' the 
transform of D. We get a commutative diagram: 



h' 



h" 



Y Y X x 
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where <p is a contraction. 

Notice that is the flip of a small extremal ray in NE(/iofc). By Step 5 NE(/iofc) = 

NE(fc)+(7 and k is a divisorial contraction, therefore is the flip of a. Since Kj>-a > 0, 

we see that h" is the flip of a iC-negative small extremal ray a' C NE(</?). Thus we are left 
to show that h' is an isomorphism. 

We show that (p is i^-negative. If not, by Rem. 13.61 (2) there exists an exceptional line 
I' C X' such that ip(V) = {pi}. Since h" is a ^-negative flip, by Th.ESlX' \ dom(/i") is a 
union of exceptional planes, and by Rem. I3U1 (3) we get I' C dom(/i"). Therefore the image 
of V in X is an exceptional line contracted by fx o fc, but whose class is not in cr, which 
contradicts Step 5. 

Hence tp is isT-negative, and NE(yj) = a' + r where r is a ET-negative extremal ray. 

Suppose by contradiction that h! is not an isomorphism. Then NE(y) must contain the 
-D'-positive small extremal ray corresponding to the last flip in the factorization of h'. Since 
NE(<^) = a' + r and D' -a < 0, we deduce that r is small, D'-t > 0, and Locus(t) C 

In particular, Locus(r) is a union of exceptional planes which intersect D' (see Th. I3.3p . 
Let L be one of these exceptional planes. 

Since also Locus(o"') is a union of exceptional planes, and r ^ a', we have dim(L n 
Locus(a"')) < 0, while dim(L n D r ) > 1. Thus the transform L C X of L intersects D, and 
is contained in (fx o k)^ 1 (p). Moreover we can find curves in L having positive intersection 
with D = Exc(k), thus L <£ D and dim/c(L) = 2. 

Therefore A;(L) is an irreducible component of fx 1 (p)red containing q, and by Step 4 
we have k(L) = F r for some r > 0. Let Cx,C% C two fibers of the P 1 -bundle not 

containing q. Then their transforms Cx, C2 C X are disjoint and have anticanonical degree 
1, so they do not intersect Locus(<r) by Rem. 13.61 (1). This yields two disjoint curves in 
L = P 2 , and we have a contradiction. 

Step 7: fi 1 (p) is a one- dimensional reducible fiber of fx, and s = 2. 

Since (g o f)~ l (p) = D and h is just one flip, we have (fx ° k)~ 1 (p) rec i = D U lx U ■ ■ ■ U l s 
and f{ 1 (p)red = k(lx) U • • • U k(l s ). We know from Step 5 that —K^ ■ k(lj) = 1 for every 
j = 1, . . . , s, while —Kg ■ fx 1 (p) = 2, so that s < 2. 

Consider now the resolution of the flip /i (see Th. I3.3p . We get a commutative diagram: 




where ip and tp are the blow-ups of the indeterminacy loci of h and h respectively. We 
have 

(fx o k o i,)-\p) = (gofo p)-\p) = p-\D), 
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so that f 1 (p) cannot be everywhere non-reduced and s = 2. 
Step 8: we show the statement. 

We have Locus(cr) = I1UI2 and /{" (p) = /c(Zi) U/c^)- By the explicit description of the flip 
h (see Th. l3.3p . and since D-lj = 1, we know that D is the blow-up of the (possibly singular 
but irreducible) quadric D in two smooth points. Let L±, L2 C D be the exceptional planes; 
notice that L\ and L2 lie in the smooth locus of D and are Cartier divisors in D. Moreover 
we have L\ U L2 = Locus(<t'). 

Let Cj Ji C L{ be lines; we have Cl 1 = Cl 2 and D ■ Cl x = —1 because D ■ lx = 1 (see 
Rem. 13. 4p . Let moreover B C D be a general line and Bq C D its transform; recall that 
— ■ B = 2. Finally let Fq C X be a general fiber of /, so that k(h(Fo)) is a general fiber 
of f\. We have: 

fc (h(F )) = 2k(h) in Xi, h(F ) = 2l x + 25 in X, and F = 2B - 2C Ll in X. 

Consider now f\ D : D — > Exc(p). We have /(^i) = Exc(g), and every fiber of has 
dimension one (for instance because a 2-dimensional fiber should intersect Lx in a curve, 
which is impossible). Let Fjj C D be a fiber of /m; then = Fo = 2i?o — 2(7^. 

If i : L> X is the inclusion and : N\(D) — > Mx(X) the associated push- forward of 
1-cycles, we have kerz* = M([Cl 1 ] — [Cx 2 ]) (because dimA/"i(-D) = 3 and dim J\fx(D, X) = 2 
by (|4.7p ). In particular we get: 

Fd =d 2B — 2Cl 1 + X(Cl 1 — Cl 2 ), 

where A € R and =d denotes numerical equivalence in D. This gives (Lx -Fd)d = 2 — A and 
(L2 ■ Fd)d = A (where ( ■ )d denotes intersection in D), so that A = 1 and (Lx • Fd)d = 1. 
Therefore f\L x ~- Lx — > Exc(<?) is an isomorphism, Exc(g) = P 2 , and /(Cl x ) is a line in 
Exc(g). Moreover Exc(g) • /(C^J = D • Clj = —1, hence 5 is the blow-up of a smooth 
point in Yq. ■ 

Proof of Th. \4-4\ By Cor. 13.81 Y has at most isolated canonical and factorial singularities, 
and is a Mori dream space. If / is regular, then px < 11 by [Cas08, Cor. 1.2 (iii)]. 

Suppose that Y has an elementary rational contraction of fiber type g: Y — » Z. Then 
g o f : X Z is & quasi-elementary rational contraction (see Rem. 12.241 and Rem. I2.26p . 
and px — pz = 2. If dimZ < 1, then pz < 1 and px < 3. If instead dimZ = 2, Prop. 14.11 
yields pz < 9 and < 11. 

Therefore we can assume that / is not regular and y has no elementary rational con- 
traction of fiber type; let us also assume that px > 6. 

Let h: Y — » 7 be a SQM. Then ho f: X — » Y" is an elementary rational contraction 
(see Rem. I2.8p . so that again by Cor. 13.81 Y has at most isolated canonical and factorial 
singularities. 

We notice that ho f cannot be regular. Indeed / is not regular over some exceptional 
plane L C X, such that the lines contained in L have numerical class in some extremal 
ray a of NE(X). If h o / were a morphism, it would be an elementary contraction of fiber 
type. In particular we would have NE(/i o /) ^ a, so h o f should be finite on L, and 
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dim(/i o f)(L) = 2. Thus h^ 1 : Y — » Y should be regular on an open subset of (h o f)(L), 
and / should be regular on an open subset of L, a contradiction. 

Consider an elementary contraction g: Y — > Yrj. By our assumptions, <7 must be bi- 
rational, therefore Lemmas 14.51 and 14.61 apply. We deduce that either g is the blow-up of 
a smooth point of Yq, or Exc(g) a disjoint union of smooth rational curves, lying in the 
smooth locus of Y, with normal bundle Opi(— l)® 2 - we call such a curve a (—1, — 1) -curve. 
We also notice that in the case of the blow-up we have K y = g*Ky + 2Exc(g), hence 
[K ? ]0 5*(M(Y O )). 

Therefore —Ky ■ NE(g) > for every elementary contraction g of Y, and we deduce 
that — Ky is nef. In particular we can take Y = Y, so that —Ky is nef. Moreover, 
since h: Y —* Y factors as a sequence of flips of small extremal rays as above, it is not 
difficult to see that for every irreducible curve C C Y such that C n dom(/i) ^ 0, we have 
—Ky ■ C = —Ky ■ C, where C C Y is the transform of C. 

By our assumptions, there exists a non-movable prime divisor E C Y (otherwise 
Mov(Y) = Eff(Y) and Cor. 12.251 would yield an elementary rational contraction of fiber 
type on Y). Applying Rem. 12.191 we find a SQM h®: Y --■> Yq such that the transform 
E C Yq of -E is the exceptional divisor of an elementary divisorial contraction, so that 
E = P 2 and = O p2 (-l). 

Consider now the contraction ip: Y — > T defined by NE(Y) n Ky. We show that (p 
is birational, i.e. that —Ky is big. Since ho factors as a sequence of i^-trivial flips, the 
map ip := (p o h^ 1 : Yq — > T is regular, and — Ky is the pull-back of some ample Cartier 

divisor on T. In particular <p is finite on E, so that dim (p(E) = 2. This also shows that (p 
is generically finite on E. 

By contradiction, if <p is of fiber type, then T = (p(E) and px = 1. In particular, 
M>o[— i^y] = v 9 *(Nef(T)) is a one-dimensional cone in A4y. On the other hand, since 
— Ky is not big, this cone must lie on the boundary of Eff(Y), and hence on the boundary 
of Mov(Y). Therefore we can choose a cone r G jMy of dimension py — 1, containing 
M>o[— Ky], and lying on the boundary of Mov(Y). The corresponding rational contraction 
gi'. Y —+ Yi is elementary, and cannot be small (see Ex. 12 . 6[) nor of fiber type (by our 
assumptions), therefore it is divisorial. On the other hand if H C A/i(Y) is the linear span 
of r, we have [Ky] £ H = gl(M 1 (Yi)), and this contradicts our previous description of 
elementary divisorial rational contractions of Y. 

Therefore —Ky is nef and big, namely Y is an almost Fano variety, and p> is birational. 
Moreover dimExc^) < 1, because we have already shown that <p is generically finite on 
every non-movable prime divisor. 

We are going to proceed similarly to the proof of [CJR081 Prop. 2.8]. Let oi,... ,a r 
be the divisorial extremal rays of NE(Y), and set E% := Locus(ov). Then E±, . . . , E T are 

pairwise disjoint, so that Ei ■ Uj = if i ^ j. It is then easy to seqj that o~\ -| 1- o~ r is an 

r-dimensional face of NE(Y), whose contraction k: Y — > Y r is just the blow-up of r distinct 
smooth points of Y r . 

9 See e.g. |Cas09l Rem. 4.6] for a similar statement. 
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Notice that Y r has isolated canonical and factorial singularities, and is a Mori dream 
space by Rem. 12.81 Since k*{— Ky r ) = —Ky + 2{E\ + • • • + E r ), we see that — Ky r is nef, 
and that if C C Y r is an irreducible curve containing some point blown-up by k, then 
— Ky r ■ C > 2. Moreover we have: 

Px=pY r +r + l and (-Kyf = {-K Yr f - 8r, 

in particular (— Ky r ) 3 > (— -fTy) 3 > 0, so that — Ky r is big, and Y r is again almost Fano. It 
is shown in [Pro05| that (—Ky r ) 3 < 72, which yields r < 8 and px < py. + 9. 

There exists some extremal ray r of NE(Y r ) with —Ky r ■ r > 0; let tt: Y r — > Z be the 
corresponding contraction. We show that dimZ < 1, excluding by contradiction all the 
other cases. This gives py r < 2 and px < 11, and concludes the proof. 

Suppose first that 7r is birational. If Exc(7r) Pi A;(Exc(/c)) = 0, we get a K-negative, 
birational extremal ray a' of NE(Y) different from a\, . . . , a r , a contradiction. Therefore 
Exc(-7r) must contain some of the points blown-up by k. 

If tt is not of type (2,0), then every non-trivial fiber F of tt has dimension 1, and by 
[AW97, Cor. 1.15] we have F = P 1 and —Ky r ■ F = 1. In particular, F cannot contain any 
point blown-up by k, so that Exc(-7r) n fc(Exc(/c)) = 0, a contradiction. 

If tt is of type (2, 0), the possibilities for Exc(-7r) and (— -K"y r )|Exc(7r) are given by Th. 13.21 
We see that the only case where Exc(7r) is not covered by curves of anticanonical degree 
1 is when Exc(vr) ^ P 2 and {-K Yr )\ Exc(tt) = Cp2(2). On the other hand, in this case the 
transform of Exc(7r) in Y would be covered by curves of anticanonical degree zero, which 
contradicts the fact that Exc(</?) contains no divisors. 

Finally, suppose that dimZ = 2. By Th. 13.11 the general fiber of tt is a smooth rational 
curve of anticanonical degree 2, therefore —Ky r ■ F = 2 for every fiber F of tt. 

For every i = 1, . . . , r let F^ be the fiber of tt through the point k(Ei). Since k(Ei) 
cannot be contained in curves of anticanonical degree one, Fi must be an integral fiber; let 
Ci C Y be its transform. The formula k*{—Ky r ) = —Ky + 2{E\ + • • • + E r ) gives: 

-Ky -Ci = 0, Ei-d = 1, and E { ■ Cj = if i ^ j; 

in particular [C±], . . . , \C r \ are linearly independent in N\(Y). 

Consider now the contraction tt o k: Y — > Z, and the face rj := NE(7r o k) n Ky of 
NE(y). The unique irreducible curves of anticanonical degree zero contracted by tt o k are 
Ci, . . . , C r , therefore rj = R>o[Ci] + • • • + M>o[C r ] is an r-dimensional face of NE(Y). This 
implies that each P>o[Cj] is an extremal ray of NE(Y), and Cj is a (—1, — l)-curve. 

We claim that there exists a SQM Y Y whose indeterminacy locus is exactly 
C\ U • • • U C r ; this can be constructed inductively as follows. 

Take a nef divisor H in Y such that NE(Y) fl H = rj, consider the flip Y —+ Y\ of 
R>o[Ci], and let C[ C Y x be the new (-1, -l)-curve. Then [C[], [C 2 ], ■ ■ ■ , [C r are linearly 
independent in A/i(Yi), and H yields a nef divisor Hi on Y\ such that NE(Yi) n H^- = 
R>o[C[} + M> [C 2 ] + • • • + M>o[C r ]. Hence for % = 2, ...,r each M> [Ci] stays a small 
extremal ray in Y\. Now we can flip K>q[C2], and proceed in the same way. 



We still denote by d the transform of d, for i = 2, 
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In the end we get a commutative diagram: 



Y 



Y 



Y r 



where k : Y — > Z is a contraction. 

The transform E{ C Y of i% is isomorphic to Fj, and contains a (—1, — l)-curve Cj as 
the (— l)-curve. If Gj C i?j is a fiber of the P 1 -bundle, and Gq C Y a general fiber of k, it 
is not difficult to see that Gq = Gi, so that 

NE(fc) = M>o[G } + R>o[Ci] + ■ ■ ■ + R> [6 r ]. 

Since dimNE(/c) = r + 1, this implies that M>o[Go] is an extremal ray of NE(Y), whose 
contraction is of fiber type. Thus Y has an elementary rational contraction of fiber type, 
which contradicts our assumptions, and this concludes the proof. ■ 



Proof of Th. The statement follows from [Cas08 1 when X has a regular elementary con- 
traction of fiber type (see the Introduction). The general statement follows from Cor. 13.91 
Prop. El and Th. H31 ■ 



5 Fano 4-folds with cx = 1 or cx = 2 

In this section we show the following results, which imply Th. 11.31 

Proposition 5.1. Let X be a Fano 4-fold with px > 6 and cx = 2. Then one of the 
following holds: 

(i) Px < 12, and there is a diagram 

X — yXi --+ Xi — > Y 

where X\ is a Fano 4-fold, h is a SQM, X\ — > Y is an elementary contraction and a 
conic bundle, and X — > X% is the blow-up of a smooth irreducible surface contained 
in dom(/i); 

(ii) there exists a Fano 4-fold Y and X — > Y a blow-up of two disjoint smooth irreducible 
surfaces. 

Proposition 5.2. Let X be a Fano 4-fold with px > 6 and cx = 1. Then one of the 
following holds: 

(i) Px < 11 and X has a SQM X with an elementary contraction of fiber type X — > Y 
which is a conic bundle; 

(ii) X is obtained by blowing-up a Fano 4-fold Y in a smooth irreducible surface. 



39 



For the proofs of Prop. [57T1 and l5\2l we need the following property. 

Remark 5.3. Let X be a Fano 4-fold with cx < 2 and px > 6. Let E C X be a prime 
divisor which is a smooth P^bundle, with fiber F C E, such that E-F = — 1. Then R> [-F] 
is an extremal ray of type (3, 2), and it is the unique .E-negative extremal ray of NE(X). 

Proof. Let a\, . . . , be the F-negative extremal rays of NE(X) (notice that h > 1, because 
E is not nef). Fix i E {1, . . . , h}. We have Locus(cjj) C E. 

If <7j is of type (3,0) or (3, 1), then dimAfi(E, X) < 2, a contradiction because cx < 2 
and /9x > 6. If is small, then Locus (o"j) is a union of exceptional planes (by [Kaw89 ), 
which must intersect every fiber of the P 1 -bundle structure on E. This yields dim Mi(E, X) = 
2, again a contradiction. 

Therefore Oi is of type (3, 2), E = Locus(<7j), and (— Kx + E) ■ o~i = 0. This shows that 
— Kx + E is nef, and t := a± + ■ ■ ■ + ah = {—Kx + F)- 1 - ^ NE(X) is a face containing [F]. 

If dim r > 1, any 2-dimensional face of r yields a contraction of X onto Z with />x —pz = 
2, sending i? to a point or to a curve. This implies that dimAfi(E, X) < 3, again a 
contradiction. Thus /i = 1 and o"i = M>o[i ? ]. H 

Proof of Prop. [3771 Let O C I be a prime divisor with codimA/i(D, X) = 2; we apply 
|Caslll Prop. 2.5] to D. 

Suppose first that we get two disjoint prime divisors Ei,E% which are smooth P 1 - 
bundles, with fibers F { C E t , such that E i -F i = -1, D ■ Fi > 0, and [Fi] £ J\f x (D,X), for 
i = 1, 2 (that is, s = 2 in [Caslll Prop. 2.5]). 

Fix i G {1,2}. By Rem. 15. 3| M^o^j] is an extremal ray of type (3,2), and it is the 
unique ^-negative extremal ray of NE(X). If Fq is a fiber of the associated contraction, 
then F n D ^ (for D ■ Fi > 0), and dimF D D = (for [Ft] Mi(D,X)). Therefore 
dimF = 1, and the ray R> [Fi\ is of type (3, 2) sm . 

This also shows that -K x + E 1 +E 2 is nef, and (-K x +E 1 +E 2 )- L nNE(X) = M> [Fi] + 
M>o[i ? 2] is a face of NE(X). The associated contraction ip: X — > Y is the smooth blow-up of 
two disjoint irreducible surfaces. Moreover Y is Fano, because <p*(— Ky) = —Kx + E\A-E2, 
therefore we have (ii). 

Suppose now that |CaslH Prop. 2.5] applied to D gives just one prime divisor E\. As 
in the previous case, we see that E\ is the exceptional divisor of the blow-up /o : X — > X\ 
of a Fano 4- fold X\ along a smooth surface S = fo(Ei). Moreover we are in the situation 
of [CaslH Lemma 2.8], and we have a sequence: 

x = x A x 1 x 2 — , x k ^ h -l X k ^Y 

which is a Mori program for —D, where fk is an elementary contraction of type (4, 3), finite 
on Dk C Xk- Finally S C X\ is contained in the open subset where the birational map 
X\ — » Xk is an isomorphism. 

If fx, . . . , fk-i are all flips, then X\ — > Xk is a SQM, and we get px x < 11 by Th. 14.41 
Hence px < 12 and we have (i). 
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Suppose now that fi, . . . , fk-i are not all flips. Since the map X\ — » is an isomor- 
phism on S, we can replace the sequence above by: 

X = X - 9 -% X[ -% X> 2 — XU »=t X k A Y, 

where gt-i'- X k _ x — > X& is the blow-up of the image of S, and go, . . . , gt-2 are not all 
flips. Notice that the birational map X -~» XL-, gives an isomorphism between E\ and 
Exc(p fe _i). 

Let i £ {0, . . . , k — 2} be the first index such that gi is a divisorial contraction. We have: 

X-^Xl-^X' i+1 -+X k AY, 

where ip is a SQM. Since > 6, Cor. 13.191 applies to gi. 

Let E2 C X be the transform of Exc(pi), and pG^a point which does not belong to 
any exceptional plane. Notice that Si n E% = 0. 

Proceeding as in [CaslH proof of Lemma 2.8], we construct a curve C C X with the 
following properties: 

(1) p £ C and C is numerically equivalent to a general fiber Co of the map X — » Y, so 
that -K x ■ C = 2 and E 2 ■ C = 0; 

(2) C = C U i 7 , where i* 1 is the transform of an integral fiber F C X k of fk, E% ■ F > 0, 
and F ^ 

Let Fi C and i^+i C be the transforms of i 7 . We have —Kx 1 ■ Fi < —Kx' +1 ■ 

Fi + i < —Kx k ■ F = 2 by |Cas09[ Lemma 3.8], while —Kx ■ F = 1, therefore by Lemma [3761 
(1) we have two possibilities: 

(a) —Kx' ■ Fi = 2 and F intersects a unique exceptional plane LCI \ dom(<p); 

(6) —Kx 1 ■ Fi = 1 and 99 is an isomorphism on i 7 . 

We assume first that we are in case (a), and show that this gives a contradiction. Since 
—Kx 1 ■ Fi = 2 = —Kx k ■ F, by [Cas09[ Lemma 3.8] the birational map JT^ — » Xfc is an 

isomorphism on F^; recall that the image of Fi in X k is an integral fiber F of fk- Thus 
Fi n Exc(<7j) = and Fi is a proper fiber of the map X[ — •* Y. 

On the other hand FHE2 7^ by (2), therefore -F intersects E2 along the indeterminacy 
locus of ip, and we get F n E2 C L. 

In X[ we have <p(Co) = Fi (recall that Co is a general fiber of X — * Y), hence Co = 
F + Cl, where Cl C L is a line. But we also have Co = C = F + C, so that C = Cl- 

This implies that C is contained in an exceptional plane too. Indeed by taking a general 
very ample divisor H C X[, its transform H C X is a movable divisor whose base locus is 
X \ dom(99), and F • C = H ■ C L < 0. 

On the other hand we have p € C n E2 = C U (F D E 2 ), so p must belong to some 
exceptional plane, which contradicts our choice of p. 
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Hence we are in case (b). Using (2) we see that Fi ■ Exc(<?j) = F ■ E% > 0, and F{ is not 
contained in Exc(gj). Therefore: 

F i+ i fl 5i (Exc( 9i )) + 0, Fi+l 1 5i(Exc( 5i )), and - K x , +i ■ F i+1 < 2. 

Then Cor. 13.19"! yields that gi must be of type (3,2), 93 gives an isomorphism between E2 
and Exc(<7j), and E2 does not contain any exceptional plane. 

This implies that —K X ' +1 ■ i^+i = 2 = —K Xk ■ F, and again by |Cas09[ Lemma 3.8] the 

birational map X' i+l — » is an isomorphism between i^+i and -F C Xk, so that -Fj+i is 
a fiber of the map X' i+1 — > Y". 

Since I?2 does not contain exceptional planes, the choice of p € E2 was arbitrary. We 
deduce that <7j(Exc(<7j)) is contained in the open subset where the map X' i+l — ■» K is 
regular and proper. 

Finally gi cannot have fibers of dimension 2, otherwise the rational map X[ — - > Y 
over an open subset yields a iT-negative local contraction of a smooth variety having a 
2-dimensional fiber with a one-dimensional component, which is impossible, see [AW97, 
Lemma 2.12]. 

Therefore gi is of type (3, 2) sm , and E2 is a smooth P 1 -bundle with fiber F2 C E2 such 
that E2 ■ F2 = —1 and E\ Pi E2 = 0. Now proceeding as in the first part of the proof we 
show that we are in (ii). ■ 

The proof of Prop. 15.21 is very similar to that of Prop. 15.11 
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